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Spectral theory Operators on Banach and Hilbert spaces

1. Operators on Banach and Hilbert spaces

In this first section, we recall important notions and tools from functional analysis,
and we introduce different class of operators.

1.1 Linear operators

In these notes we will only consider vector spaces over complex numbers C.

Definition 1.1. Let E be a C—vector space.
AnormonEisamap || -||: E — [0, ) satisfying the following properties :

(1) ||x|| = 0 if and only if x = 0.
(1) ||ax|| = |a|||x|| for all x € E and a € C.

(i) [lx +y|l < llx|l + [ly]l for all x, y € E.

Such a map automatically induces a metric on E, via the formula d(x,y) = ||x — y||
(check!).

Definition 1.2. A normed space (E, || - ||) is a Banach space if the corresponding
metric space (E, d) is complete.

We can then properly study linear maps between such vector spaces.

Definition 1.3. Let X7, X2 be two Banach spaces.

A linear operator A: X; — X5 is a map such that A(u + Av) = A(u) + 1A(v),
for all u,v € X; and 1 € C.

We shall merely write Au for the image A(u) of u € X;. As usual, for such a map
we define its image (or range) and its kernel by

Ker(A) :={ue X;:Au=0} and Im(A):={Au:u <€ Xi}.
One checks directly that both are vector subspaces of X; and Xs respectively, and
in addition that Ker(A) is closed.

Since X7 and Xy both carry a topology, we are moreover interested in operators
which preserve these topologies, i.e. which are continuous. Such operators are called
bounded and the following lemma explains why.

Lemma 1.4. Let X; and X5 be two normed spaces, and A: X; — X5 be linear.
The following are equivalent :
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(1) A is continuous on Xj.
(11) A 1s continuous at 0 € Xj.

(111) sup{||Au|| : ||u|| £ 1} < oo.

Proof. (i) = (1) : Obvious.

(i1) = (ii1) : Towards a contradiction, suppose sup{||Au|| : ||u|| < 1} is not finite. It

implies there is a sequence (u,)nen In X7 so that ||u,|| < 1 and lim ||Au,|| = . We
n—0o0

then consider the sequence (v, ),cn defined by y,, := ”XT””, for n € N. It converges to 0

in X7 but ||Ay,|| = 1 for all n € N, contradicting continuity of A at 0. Thus (ii1) holds
as well.
(iii)) = (1) : Let M := sup{||Au|| : |lu|| < 1} < o and € > 0, ug € X;. Let § := ;. Then

proving that A is continuous at uy € X;. O

1Au — Auoll = |A(u — uo) |l = [lu — uoll <0-M=¢

From this lemma it immediately follows that a linear map A: X; — X, between
two normed spaces is continuous if and only if there is a constant C > 0 so that ||Au|| <
C||lu|| for all u € Xj.

The space of bounded linear operators between two normed spaces X1, X9 will be
denoted B(X7, Xs), or simply B(X;) if X7 = Xo.

Proposition 1.5. The map || - ||: B(X1, X2) — [0, o) defined by
| Aul|
|A|| := sup ———= = sup [|Au| = sup [|Aull
wro el <1 llull=1

is a norm on B(X71, Xy). In particular, ||Aul|| < ||A]|||u]|| for all u € X;.

Proof. The second claim directly follows from the definition of ||A|| for u # 0, and for
x = 0 the inequality is also satisfied since both sides equal 0.

Now, suppose ||A|| = 0. Then for all u € X1, we have 0 < ||Aul|| < ||A]|||u]| = 0, so
|Au|| =0, and Au =0 for all u € X;. Thus A = 0.

If A, B € B(X1,X5) and u € X; is such that ||u|| = 1, then
1(A+B)ull = [|[Au + Bu|| < ||Au|l +[[Bul| < [|Allllull + IBlll«ll = |A]l + ||B]

proving the triangle inequality ||A + B|| < ||A|| + ||B]|.
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Finally, let A € 8(X1,X2), ¢ € R and u € X; with ||u|| = 1. The computation
[(cA)ull = [[cAul| = |c|l|Ax]|| < |e[l|A[lllu]l = [c[lIAll

shows that ||[cA|| < |c|||A]||, and conversely since

le - Aull _ [[cA)ull _ llcAllllull _ lleAl

|Aul| =

el lc| el lc|

llcAll

we see that ||A] < , Le. |c|||All £ |lcA||. Putting the two inequalities together
gives ||cAl| = |¢|||A|| and finishes the proof. O

Note furthermore that if X, X5, X3 are three normed spaces and A € B(X1, X»),
B € B(Xs, X3), then |AB|| < ||Al|||B]| (check!).

The norm introduced in this proposition is usually called the operator norm. It
turns out it B(X7, Xs) is a Banach space provided the target space is Banach.

Proposition 1.6. Let X7, X be two normed spaces, and suppose that X5 is com-
plete. Then B(X7, X2) is complete.

Among all complete spaces we can imagine, the easiest one, namely Xy = C, plays
a special role.

Definition 1.7. Let X be a normed space.
The space X* := B(X, C) is called the dual space of X.

We are now ready to recall some fundamental results of functional analysis, some
of them without proofs. The first one is usually called the Banach-Steinhaus theorem.

Theorem 1.8. Let X7, X5 be two Banach spaces, and (A, ),eny € B(X1, Xo).
If sup ||A,u|| < oo for all u € X7, then sup ||A,|| < .

neN neN

The next one is the open mapping theorem and its direct consequences, such as the
bounded inverse theorem or the closed graph theorem. Recall thatamap f: X — Y
is called open if it maps any open set of X to an open set of Y.

Theorem 1.9. Let X, X5 be two Banach spaces. Suppose that A: X; — Xy is
continuous, linear and surjective. Then A is open.

Corollary 1.10. Let X1, X2 be two Banach spaces. Suppose that A: X; — X,
is continuous, linear and bijective. Then A~! is continuous.
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Proof. All hypotheses of Theorem 1.9 are fullfilled, and thus A is open, which is equiv-
alent to say that A~! is continuous, or bounded. O

Definition 1.11. Let X, Xy be Banach spaces, and A: X; — X5 be linear.
Its graph is the subset of X; X Xy defined as

Ga:={(u,Au) : u € X1}.

If X1, X5 are two normed spaces, we endow the product X; X Xo with the norm
(check!) [|(w1, ug)|l = |luall + |luel|, for uy € X1, us € Xo.

The closed graph theorem states then the following.

Theorem 1.12. Let X7, X5 be two Banach spaces.
An operator A: X; — X is continuous if and only if G4 is closed in X7 X Xo.

Proof. To start, suppose that A is continuous, and that ((u,, Au,)),en 1S a sequence
in G4 converging to (u,v) € X; X X5. Then

v=lim Au, = Au

n—>oo

by continuity of A, so that (u,v) = (u, Au) € G4. This proves that G4 is closed.

Conversely, if A = 0, the claim is obvious. Suppose then A # 0. Consider the pro-
jection 1: G4 — X1, m(u, Au) = u. It is a continuous linear bijective map. Moreover,
the product X7 X Xs is a Banach space, and G 4 is closed, so G4 is also a Banach space.
Therefore Corollary 1.10 applies, and 77 ': X; — G4, 77 (u) = (u, Au) is continuous.
Equivalently, |7 7!|| < co. Moreover, since A # 0 we can pick ug € X; with Aug # 0. It
follows that ||Aug|| > 0 and

1727 (o) || = Il (w0, Auo)ll = lluoll + | Auoll > |luoll
proving that ||771|| > 1. We can then conclude that
lAull = Iz @)l = llull < (77 = Dl

for all u € X7, and A is continuous. This finishes the proof. O

1.2 Hilbert spaces

Definition 1.13. Let H be a complex vector space.
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A hermitian inner product on H is a sesquilinear map
¢,y HXH —C
(u,v) — (u,v)
such that
1) Au+ pv,w) = Au,w) + u{v,w), for all u,v,w € H, L, u € C.
(ii) (u,v) = (u,v), for all u,v € H.
(ii1) (u,u) > 0for all u € H, and (u, u) = 0 implies u = 0.

When H is equipped with a hermitian inner product, the pair (H, (-, -)) is called a
pre-Hilbert space.

A priori, for u € H, (u, u) is a complex number, and its sign is undefined. However
(u,u) = (u,u) by (i), so (u, u) is in fact a real number. Also, the above properties
together imply

(u, Av + pw) = (Av + pw, u) = AN, u) + p(w, u) = A, v) + 1y, w)
for all u,v,w € H, A,u € C. Lastly, for the special case 1 = y = 0 in (i), we get
(0,u) = (u,0) =0 for all u € H. In particular, (v, u) = 0 if and only if u = 0.
The most important examples are the following.
Example 1.14. (i) The space of complex numbers H = C, equipped with the inner

product {u,v) := uv, is a pre-Hilbert space. More generally, the space C" with the

inner product defined as
n

(u,v) = ) uivi

i=1
forall u = (u1,...,u,),v = (vy,...,v,) € C*, is a pre-Hilbert space.
(ii) Fix (X, A, i) a measure space, and let H = L%(X, A, u). For f, g € H, the formula

(f.g) = /X F(2)g(@) dulx)

defines a hermitian inner product on . If X is countable, we denote this space £2(X)
rather than L?(X, A, u).

Any space H with an inner product (-, -) can be turned into a normed space, by

setting ||u|| := v/{u, u). Indeed, the latter is well defined since (u,u) > 0 for all u € H,
and ||z|| = 0 if and only if u = 0. Moreover, for all u € H and 1 € H, we have

1Al = V(du, Au) = A u, u) = [A]||u]].

6
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Then we are left to show the triangle inequality. This relies on the Cauchy-Schwarz
inequality, of which it is difficult to underestimate the importance.

Lemma 1.15. Let (H, (-, -)) be a pre-Hilbert space.
Then, for all u,v € H, one has

[(w, )| < llullllvll

where || - [| := (-, ).

Proof. The result is clear if u = 0 or v = 0. Then we may assume that u,v # 0 and, up
to scaling, we can take ||u|| = ||v|| = 1. We start by observing that

(u = (u,v)v,v) = (u,v) — (u,v)||v]|* =0
and it follows that

0 < flu ~ (u,v)vll?

={u,u —{u,v)v)

=(u,u) — {u,v){u,v)

=1-[(u,v)%.
Hence |[(u,v)| < 1 = ||u]|||v||, and this proves the lemma. O
As announced, this gives the triangle inequality for the map || - || defined above.

Corollary 1.16. For any u,v € H, we have ||u +v|| < ||u]| + ||v]|.
In particular, the pair (H, || - ||) is a C—normed vector space.

Proof. Let u,v € H. Expanding the square of the norm of u + v and using Cauchy-
Schwarz, we get

lu+vl]|? = (uw+v,u+v)
= [lull® + 2Re(u, v) + |jv]|?
< Jlull® + 2w, v)| + [|v]|?
< [lul® + 2[lullllv] + [lo]l?
= (llull + [lv])?
and so ||u + v|| < ||u|| + ||v||. This yields the desired claim. O

Exercise 1.17. Prove that the inner product of a pre-Hilbert space is continuous in
each variable, and that the norm is a continuous function.

Hence a pre-Hilbert space is also naturally a metric space.

7
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Definition 1.18. A pre-Hilbert (#, (-, -)) is a Hilbert space if it is a Banach space
for the norm || - || := +/(-, ).

Example 1.19. (i) C is complete, so it is a Hilbert space. More generally, C" is a Hilbert
space for all n > 1.

(i) If (X, A, p) is a measure space, L2(X, A, y) is a complex Hilbert space.

(i11) If Hq, He are two Hilbert spaces, H; X Hs carries naturally the structure of a
Hilbert space with the inner product (-, - )¢ x¢, defined as

((u1,u2), (V1,V2))H,xH, = (U1, V1), + (U1, V2)gg

for all uy,vq € 7“{1, ug, U9 € 7’[2.

The norm induced by an inner product has many properties, which are often useful.
The following identities are known, respectively, as the parallelogram law and the
Pythagore’s theorem.

Proposition 1.20. For any u, v € H, we have ||u+v||%2+|lu—v|? = 2(||lu||?+]||v||?).
Moreover, if (u,v) = 0, then ||z + v||? = ||u||? + ||v]|%.

Proof. On one hand, we compute that
lu+vll? = (w+v,u+0v) = [lull® + (u,v) + (v, u) +[Jv]|* = [|u]|* + 2Re(u, v) + [|v]|*
while on the other hand,
lu = vll* = (u—v,u—v) = ||lull® - (w,v) - (v,u) +[lv]|* = [|u]|* - 2Re(x, v) + [|v]>.
Adding these two lines, the first claim follows. Pythagore’s theorem is a consequence
of

llu+vl|? = [lull® + 2Re(u, v) + [lv]|?

since the middle term of the right hand side vanishes if (u,v) = 0. O

Now we turn to the notion of orthogonality, which will play a prominent role in the
sequel.

Two elements u,v € H are orthogonal if (u,v) = 0, and if S C H its orthogonal
complement is defined as

St={ueH |VveS, (uv)=0}.

Note that S need not to be a vector subspace of H. However, its orthogonal com-
plement is always a subspace : if u,v € St and A € C, then

(u+ Av,w) =(u,w) + A{v,w) =0
8



Spectral theory 1.2 Hilbert spaces

forallw € S, so u + Av € S*. It is furthermore closed in H, because if (u,),>0 in S*
converges to u € H, it implies

(u,v) = (lim u,,v) = lim (u,,v) =0
n—oo n—oo
for all u € S, and thus u € S*.

Additionally, note that S N S+ c {0}. Indeed, if u € SN S+, then ||u||? = (u,u) =0,
sou =0.

Orthogonal complements are useful because they provide a splitting of H as a di-
rect sum.

Theorem 1.21. Let H be a Hilbert space, and G C H a closed subspace.
Then every w € H can be written uniquely as w = u +v with u € G and v € G*.

In this case, we usually write H = G & G*.

Proof. For the uniqueness part, suppose w € H has two decompositions w = u1+vy =
ug + v, U1, us € G, with vy, v € G*+. Then one gets

u1—u2=v1—vgeGﬂGl={O}

so u1 = ug and vy = ve. Let’s focus now on the existence part. For brievety, denote
0 = ing |lw — x||. Let (a,),>0 be a sequence in G such that lim ||w — a,| = . By the
xXe n—oo

parallelogram law, for all n, m > 0, we compute

2
ntamll S 452

2 2 2 2
2w = anll” +2llw - anll® = llan = anll” = 12w - an — anl| =4Hw—

and the last inequality holds by definition of ¢, since a’”% € (. Hence we get

lan = anl® < 2[lw - all* + 2|lw — an||* — 46% ——— 0

n,m—oo

by the choice of the sequence (a,),>0. This means (a,),>o is Cauchy, and since H is
complete, it then converges to u € H, which must be in G since it is a closed subspace.
Now we show that w —u € G*, and w = u + (w — u) will be the desired decomposition.
Note that if x € G and 1 € C, then u + Ax € G, so
lw = ull® < [lw—u - Ax]|® = lw - ul|® + |A*|lx]|* - 2ReA(x, w — u)
and this leads to
2ReA{x, w — u) < |A)?]x||. (1)

If A > 0, then dividing by 1 and taking the limit A — 0 provides Re{x,w — u) < 0.
On the other hand, replacing A by —iA in (3), taking A > 0, dividing by it and letting
A — 0 provides Im{x,w — u) < 0. G being a subspace, these two inequalities also
holds for —x instead of x. Finally, we conclude that

Re(x,w —u) =Im{(x,w—-u) =0

and thus {x,w — u) = 0 for all x € G. This proves w — u € G*, as claimed. O

9



Spectral theory 1.2 Hilbert spaces

This decomposition has many consequences. The first we derive is the famous Riesz
representation theorem.

Theorem 1.22. Let H be a Hilbert space, and f € H*.
Then there exists a unique ug € H so that

f(u) = <u’ u0>

for all u € H. Moreover, ||f]| = ||uoll-

Proof. If f = 0, we choose ug = 0 and we are done. Assume now that f is a nontrivial
functional. Since f is continuous, Ker(f) is a closed proper subspace of /{, and Ker(f)*
is not empty. Furthermore, it has dimension at least 1, since otherwise Theorem 1.21
would imply H = Ker(f), contradicting the fact that f is nontrivial. Let vy € Ker(f)+,
with ||vg|| = 1. Then every u € H can be written

u=u—{u,v)vg + (U, vo)vo

and since (u, vg)vy € Ker(f)?, this forces u—(u, vo)vg € Ker(f). Thus f (u—(u, vo)vg) =
0 for all u € H, and it follows that

f(w) = f({u,vohvo) = (u, vo)f (vo) = (u, f (vo)vo)

for all u € H. We set then ug := f(vo)vg, and the first claim holds. The second follows,
since

If (W) = [{u, uo)| < [lullllwoll
for every u € H by Cauchy-Schwarz, giving ||f|| < ||uol|. For u = ug, one has
I (wo)| = [{uo, uo)| = lluoll® = lluolllluoll
and thus ||f]|| = ||uo||. This achieves the proof. O
Conversely one checks directly that for a fixed uy € H, the map

f:H—C
u — (u, uo)
is a continuous linear functional. Together with Theorem 1.22, this defines an isomet-
ric isomorphism between H and H*.

We close this subsection by introducing different types of convergence for sequences
of bounded linear operators. Fix then H a Hilbert space and (A,,),eny € B(H).

10



Spectral theory 1.3 Resolvent set and spectrum

Definition 1.23. (A,),cn converges in norm to A € B(H) if
lim ||A, — A|| = 0.
n—oo

Moreover, (A, )nen 1s strongly convergent if (A,u) C H is convergent for all

ueH.

Remark 1.24. The terminology here is confusing, since convergence in norm is stronger
than strong convergent. Indeed a sequence (A, ),cn of bounded operators converging
to A is strongly convergent (check!).

1.3 Resolvent set and spectrum

The notions of resolvent set and spectrum for an operator generalize that of eigen-
values and eigenvectors for a finite dimensional matrix. The starting point is the
following problem: given a normed space X, for which 1 € C does

(A-ADu=v

has a unique solution for any v € X?

First of all, observe that the solution will be unique if Ker(A — AI) = {0}, i.e. if A
is not an eigenvalue of A. Next, note that the solution exists for any v € X provided
Im(A — AI) = X. These two observations motivate the next definition.

Definition 1.25. Let X be a Banach space, and A € 8(X).
The resolvent set of A, denoted p(A), is the set of 1 € C so that

Ker(A — AI) = {0}, Im(A-AI) =X and (A - AI)™!isbounded.
The spectrum of A is then 0(A) :=C \ p(A).

Remark 1.26. The same definition can be made more generally for bounded operators
on a normed space X. However the next exercise gives a good reason to take X a
Banach space.

Exercise 1.27. Let A € B(X) and X be a Banach space. Prove that if 1 € p(A), then
(A—AI)~!is defined on the whole space X. Conclude that when X is Banach, 1 € p(A)
if and only if A — A1 is a bijective bounded operator.

From Definition 1.25 we see that 0 (A) can be decomposed into three parts, as
0(A) =0p(A) U oc(A) Vo (A)
where

11



Spectral theory 1.3 Resolvent set and spectrum

(1) 0,(A) is the point spectrum of A. It consists of eigenvalues of A, i.e. of complex
numbers A so that Ker(A — AI) # {0}.

(1) o.(A) is the continuous spectrum of A. It consists of values of 1 for which Ker(A—
AI) = {0}, Im(A — AI) = H, but (A — AI)~! is not bounded.

(ii1) 0,(A) is the residual spectrum of A. It consists of values of A for which Ker(A —
AI) = {0} but Im(A — AI) is not dense in H.

Here is a nice exercise to manipulate definitions of p(A) and o (A).

Exercise 1.28. Let X be a Banach space, A € C, and assume there is a sequence
(un)nen C X so that ||u,|| =1 and Au, — Au,, — 0 as n — co. Prove that 1 € g(A).

Definition 1.29. Let A € B(H).
Its spectral radius, denoted r(A), is defined as

r(A) := sup |A].
Aea(A)

Before looking at important examples, we establish basic properties of the spec-
trum of an operator.

Proposition 1.30. Let A € B(H).
If [A| > ||A]|, then A € p(A). In particular, one has

g(A) c{1eC:|A <|Al}
and r(A) < ||A]|.

Proof. We start by proving the following claim: if S € B8(H) has ||S|| < 1, then Idg; — S
is invertible.

n
Indeed, suppose ||S|| < 1, and let S,, := Z S*. Then for n,m € N, n > m, one has

k=0
< > ISl

k=m+1

n

2,5

k=m+1

”Sn - Sm” =

using the triangle inequality and the submultiplicativity of the norm. The right-hand
side is the rest of a convergent series, since ||S|| < 1. We thus see that ||S,,—S,,|| — 0
as n,m — oo, .e. (Sy)uen 18 Cauchy in B(H). The latter being complete, (S, )nen
converges in B(H), and we call T its limit. We compute then that
n n
_ — 1 k_ k+1 — 1 _ Qn+l —
(Idy = )T = lim (kz_;) S ;} S ) lim (Idy - S™*) = Idy

12



Spectral theory 1.3 Resolvent set and spectrum

and similarly T'(Idy — S) = Idg. Hence Idg — S is invertible and (Idy — S)~! = T.
This claim implies directly the proposition, because if 1| > ||A||, then ||%|| <1,so0
Idy - %‘ is invertible, and thus so is

A
—/I(Idﬁ - —) = A — Aldy.

y)
This implies that 1 € p(A), and that 0 (A) is contained in the closed disk of radius
||[A|| centered at the origin, finishing the proof. O

This proposition together with the next one proves that the spectrum of A is always
a compact subset of C.

Proposition 1.31. Let A € B(H). Then (A) c C is closed.

Proof. Let A € p(A). For u € Csothat |u—-A1| < m, the operator (u—1)(A —
Aldg)~! — Idy is invertible by the claim in the proof of Proposition 1.30, and since

A — pldgq = —(A = ATdg) (1~ 1) (A = Aldgy) ™ ~ Tdg)

we deduce that A — uldy, is invertible. Thus p(A) contains the open ball centered

at A of radius H(flTld«H)‘lll’ and as this holds for any 1 € p(A), it is an open set. Its

complement o (A) is therefore closed in C. O

Example 1.32. Consider (8,),>1 C C a bounded sequence, and the operator A on Z
defined as
A: 02— 02
u= (un)nzl — (Hnun)nzl-

By assumption, there is C > 0 so that |6,| < C for every n > 1, and it follows that

2 2 2 2
AUl = > 1Onunl® < C2|lull3.

n>1

Hence ||A|| < C, and A isbounded. Let us find o (A). First observe thatifu = (0,,m)n>1
then Au = 6,,u, so that 6,, is an eigenvalue of A for all m > 1. Hence 0(A) D {6, :
n > 1}. Since the spectrum is closed (Proposition 1.31), we then deduce

g(A) > {0, :n > 1}.

Now if A ¢ {6, : n > 1}, the sequence (|0, — 1|),>1 is bounded away from 0, so the
equation (A—AI)u = v has a solution for any v € £2: consider for instance the sequence
(un)nen given by u,, := Hﬂ%/lvn for all n > 1. This proves that 0 (A) c {0, : n > 1}, and
we conclude that

o(A)={6,:n>1}.

13



Spectral theory 1.4 Symmetric operators

Example 1.33. Let a < b and ¢ be any continuous function on [0, 1] whose range is
[a, b]. Define an operator A on C[0, 1] by
A:C[0,1] — C]0, 1]
u+—tu
where (tu)(x) := t(x)u(x). Since ¢ is continuous on the compact set [0, 1], it is bounded
on [0,1], and there is C > 0 so that |¢(x)| < C for any x € [0, 1]. This implies easily

that ||Aul| < Cllu|lc and thus A is bounded. Observe that A ¢ [a, b] if and only if
the equation (A — AI)u = v can be solved uniquely by the formula

u(x) = v(x), x € [0,1].

1
t(x)-A1

Thus 0(A) = [a, b]. This proves that any compact subset of R can be realized as the
spectrum of a bounded operator.

1.4 Symmetric operators

Throughout this section, unless stated otherwise, H is a complex Hilbert space,
and A: H — H is a bounded linear operator on .

Fix v € H. Consider the linear functional ¢ defined as ¢(u) := (Au,v), for all
u € H. Since A and the first variable of the inner product are linear, ¢ is linear, and
Cauchy-Schwarz inequality tells us it is bounded, as

lp(w)] = [(Au, v)| < [|Aullllv]] < [|A]l{[=l{lv]l

forallu € H. Thus||¢| < ||All|lv]]. Therefore, Riesz representation theorem (Theorem
1.22) gives the existence of a unique element A*v of H so that ¢(u) = (u, A*v) for
all u € H, ie. (Au,v) = (u,A*v) for all u € H. Moreover, ||| = ||[A*v|. This
correspondence defines a map

AV H—H
vi— A'v
and one easily checks that A* is in fact linear. This motivates the next definition.
Definition 1.34. The operator A*: H — H defined above, such that
(Au,v) = {(u, A™v)

for all u,v € H, is called the adjoint operator of A.
As a consequence of Riesz representation theorem, the adjoint A* of A is the unique
bounded linear operator satisfying the equality of Definition 1.34.

Here are the first general properties for computations with adjoint operators.

14



Spectral theory 1.4 Symmetric operators

Proposition 1.35. (i) Id;, = Idy, and (A*)* = A for all A € B(H).
(ii) (A+AB)* = A*+ AB* forall A, B € B(H) and A € C.
(iii) (Bo A)* = A* o B*for all A, B € B(H).
Gv) ||A*|| = ||A]l, and ||A*A|| = ||A]|? for all A € B(H).
(v) If A € B(H) is invertible and A™1 € B(H), then A* is invertible and
(A*)1 = (A1),

Proof. (1) For any u,v € H, we have (u, Idy(v)) = (u,v) = (Idg(u),v), so necessarily
Id;{ = Idg. In the same way, we compute that

(u, Av) = (Av,u) = (v, A*u) = (A*u,v)
which implies A = (A*)*.
(11) Fix u,v € H, and observe that
(u, (A* + AB*)v) = (u, A*v) + A{u, B*v) = (Au,v) + A(Bu,v) = ((A+ AB)u,v)
by using properties of the inner product. Therefore, A* + AB* = (A + AB)*.
(111) Here again, we have
(u,A*(B*v)) = (Au, B*v) = (B(Au),v)
for all u,v € H, implying (Bo A)* = A* o B*.

(iv) The paragraph preceding Definition 1.34 shows that ||A*v|| < ||A||||v]| forallv € H,
giving the upper bound ||A*|| < ||A||. On the other hand, the same inequality with A*
instead of A provides

(A < [|A7]]
so by (1) we get in fact ||A|| < ||A*||. Henceforth, ||[A*|| = ||A]|.
For the last claim, let © € H with ||u|| = 1. The definition of the operator norm

provides
|A*Au|| < [[A*[[|Au]l < A" |ANllu]l = |A]?

using ||A*|| = ||A]| in the last step. On the other hand, an application of Cauchy-
Schwarz inequality shows that

lAu|l?® = (Au, Au) = (u, A*Au) < |(u, A"Au)| < |A*Au|| < |AA]
providing the other bound ||A||? < ||A*A||. This finishes the proof.

(v) Suppose that A is invertible and A~! € B(H). Fix u,v € H, and write u = Az,
v = A*w for some z, w € H. One has

(u, (AN ) = (Az,w) = (z, A"w) = (A" u, v)

and this proves (A*)™! = (A71)* as wanted. O

15



Spectral theory 1.4 Symmetric operators

For our purposes, we will be interested in a special class of operators.
Definition 1.36. If A € B(H) satisfies A* = A, then A is called symmetric.

The following lemma is often also useful when working with adjoints. In particu-
lar, it will allow us to get a simple description of the residual spectrum of a bounded
operator.

Lemma 1.37. Let A € B(H). Then Ker(A*) = Im(A)*.
In particular, we have

H =Ker(A™) @ Im(A).

The next exercise will be used in the proof.

Exercise 1.38. Show that (V1) =V for any subset V c . Next, prove that V* = v
for any subspace V C ‘H.

Proof. First, suppose v € Ker(A*). Fix u € H. Then we have
(Au,v) ={u,A"v) =0

showing that v € Im(A)*. Conversely, if v € Im(A)+, then (Au,v) = 0 for all u € H.
In other words, (u,A*v) = 0 for all u € H. Applying this inequality for the choice
u = A*v yields to ||A*]|2 = 0. Hence A*v = 0 and indeed v € Ker(A*).

For the second claim, note that (Ker(A*))* = (Im(A)*)*+ = Im(A) by Exercise 1.38.
Theorem 1.21, which we may apply since Ker(A*) is a closed subspace of H, then
implies

H = Ker(A*) & (Ker(A*))* = Ker(A") @ Im(A)

as announced. This finishes the proof. O

Corollary 1.39. Let A € B(H). Then it holds that

0.(A)={1eC:1¢0,(A), 1€ a,(A")}.

Proof. By definition, and using Proposition 1.35 and Lemma 1.37, we see that
A € 0,(A) = Ker(A — AI) = {0}, Im(A - AI) C H
& Ker(A - A1) = {0}, Ker((A - AI)*) D {0}
&= Ker(A — AI) = {0}, Ker(A* - AI) D {0}
e 1¢0,(A), 1€ 0,(A")
proving the announced equality. O

16



Spectral theory 1.4 Symmetric operators
Exercise 1.40. Define the left and the right shift S,T: ¢2 — ¢2 by (Su), = Un+1
and (Tu); :=0, (Tu), :=up_1,n > 1.

Show that S and T' are bounded, and compute ||S||, ||T'||. Determine S*, T, and find
0,(8S), 0.(8),0,(S), 0,(T), 0.(T), 0,-(T).

Here is another subset of C associated to a bounded operator.

Definition 1.41. Let A € 8(H). Its numerical range is defined as
nr(A) := {(Au,u) : ||lu|| =1} c C.

For instance, nr(0) = {0} while nr(Id/)={1}.

It turns out this subset provides a tool for checking a given operator is symmetric.

Exercise 1.42. Let H be a complex Hilbert space, and A € B(H). Prove that if
(Au,u) = 0 for all u € H then A = 0. What happens if H is rather a real Hilbert
space?

Proposition 1.43. Let A € 8(H). Then A is symmetricif and only ifnr(A) c R.

Proof. Suppose A is symmetric, and let u € H, ||u|| = 1. Then
(Au,u) = (u, Au) = (Au, u)
and so (Au,u) € R. Hence nr(A) C R.

The other way around, let v € H \ {0}, and observe

(Av,v>:||v||2<A v v >e[R{

[loll” Tvll
since nr(A) C R and ﬁ has norm 1. It follows that
(Au,u) = (Au,u) = (u,Au) = (A*u,u)

for any u € H. This means that ((A* — A)u,u) = 0 for all u € H, and by Exercise 1.42
one gets A* — A =0, so A is symmetric. O

Symmetric operators also have an important property, an other way of computing
their norms.

Theorem 1.44. Let A € B(H) be a symmetric operator on H.

17



Spectral theory 1.4 Symmetric operators

Then, one has

|All = sup [(Au,u)|.
lull=1

A
Proof. Denote s := sup [(Au, u)|. Note that s also equals sup (A, w)) u>|-
lull=1 uz0 (U, u)

If ||u|| = 1, note that
[(Au, w)| < |Allllull® = |A|

by Cauchy-Schwarz. Hence s < ||A|| already.
Conversely, let u,v € H. As A is symmetric, one has

(A(u+v),u+v) —(A(u—v),u—-v) =2({Au,v) + (Au,v)) = 4Re{Au,v)

and we can estimate

|Re(Au,v)| < i|(A(u +v),u+v)—(A(u—-v),u —v)|

1
< Z(Sllu + )% + sllu - v||?)

S 2 2
=— +
2(IIuII lvll*)

for any u,v € H. Now let u € H with ||u|| = 1 and v := 4% . Then Re(Au, v) reduces

lAull
to ||Aul|, so that
2
S Au
|Au|l = Re{Au,v) < —(||u||2 +' ) =s
2 | Aull
Hence ||A|| < s, and from the first part of the proof it follows that ||A|| = s. O

Exercise 1.45. Prove that if H is a pre-Hilbert space, then

(u,v) = %(Ilu +0l|? = llu = vl +illu +iv]|* = illu - iv||?)
for any u,v € H. Next prove that if A is an operator on a Hilbert space H, then
(Au,v) = i((A(uﬂ)), u+v)—(A(u—-v),u—v)+i{A(u+iv),u+iv) —i{A(u—iv), u—1iv))
then for any u,v € H.

Exercise 1.46. Show that the subspace S(H) of symmetric operators is closed in
B(H). Show also that if S, B € S(H), then SB € S(‘H) if and only if SB = BS.

Another fundamental property of symmetric operators is the localization of their
spectrum.

18



Spectral theory 1.4 Symmetric operators
Theorem 1.47. Let A € B(H) be symmetric. Then o(A) C R.

The following result is needed in the proof.

Exercise 1.48. Let A € B(H) be normal, i.e. AA* = A*A. Prove that A is invertible
and has bounded inverse if and only if there exists a constant C > 0 so that ||[Au|| >
C|lul|| for all u € H.

Hint: Prove first that A is normal if and only if ||Au|| = ||A*u|| for any u € H. Deduce
that a normal operator is injective if and only if it has dense range.

Proof. Suppose A € B(H) is symmetric, and let 1 = a +ib be a complex number with
b # 0. We compute that

(A= ADu||? = (A - ADu, (A - AI)u)

= |Aull? - (A + D) (Au, u) + | ||u|)?

= |Aull? - 2a(Au, u) + a®||u||® + b*||u||?

= ||Aul|® - 2Re(Au, au) + ||au||® + b%||u|?

= (Il1Au + aul)® + b*||u|)?

> b%||ul?
with 82 > 0 since b # 0. Above we used that (Au, u) is a real number, due to the
fact that A i1s symmetric. By Exercise 1.48, since A — Al is normal, we deduce it is

invertible and its inverse is bounded. Thus 1 € p(A). In other words, we proved that
C\R c p(A)=C\ 0(A), which implies 0(A) C R. O

Exercise 1.49. Prove directly that the eigenvalues (if any) of a symmetric operator

A € B(H) are real.

Here is an immediate consequence of our previous results.

Corollary 1.50. Let A € B(H) be symmetric. Then o,.(A) = 0.

Proof. Combine Corollary 1.39 and Theorem 1.47. O

Note that the converse does not hold, as for instance the left shift on ¢2(N) has
empty residual spectrum but is not symmetric.

Definition 1.51. Let A € 8(H) be symmetric.
The numbers

m := inf (Au,u), M := sup (Au, u)
lull=1 lull=1

are called the lower bound and the upper bound of A.
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Spectral theory 1.5 Projection operators

An immediate consequence of Theorem 1.44 is that ||A|| = max{|m|, |M|}.

These numbers provide an additional information on the localization of the spec-
trum.

Theorem 1.52. Let A € B(H) be a symmetric operator. Then 0(A) C [m, M].

Proof. Suppose that 1 € 0(A). As A is symmetric, the converse statement of Exercise
1.28 holds (check!), and there exists a sequence (u,),eny C H so that ||u,|| = 1 for all
n € N and ||(A — AIdg)u,|| — 0 as n — oo. By Cauchy-Schwarz, it follows that

[{Aun, un) = Al = [{(A = Aldg)un, un)| < [|(A = Adg)un|| — 0
whence A = lim (Au,,u,). Asm < (Au,,u,) < M for all n € N, we deduce that 1 is
n—0oo
real and that 1 € [m, M]. This concludes the proof. O

1.5 Projection operators

The main theme of the spectral theorem is to decompose any bounded symmetric
operators as a linear combination of orthogonal projections. This part is devoted to
this class of operators and their main properties.

Definition 1.53. Let M C H be a closed subspace.
The orthogonal projection onto M is the map

P-H—H

ur— Pu:=v

where u = v+ w, v € M, w € M* is the decomposition provided by Theorem
1.21.

One checks easily that it indeed defines a linear operator on .

Theorem 1.54. Let M, N be closed subspaces of /. Denote by P, @ the corre-
sponding projections.

(1) M =Im(P) and M+ = Ker(P).
(ii) P is symmetric, P2 = P and ||P|| = 1.
(iii) Id4s — P is the projection onto M.
(iv) M c N if and only if PQ = QP = P.
(v) (Pu,u) < (Qu,u) for all u € H if and only if M C N.
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Spectral theory 1.5 Projection operators

Proof. (i) These are straightforward consequences of the definition of an orthogonal
projection.

(i1) Take u,v € H, and write u = w1 + us, v = vy + v9, u1,v1 € M, v1,v9 € M*. Then
(Pu,v) = (u1,v) = (u1,v1) = (u, Pv)
using that (u1,v9) = (ug,v1) = 0. Thus P = P*. Also P = P? by definition of P. This
implies
IP|l = IP?|| < ||1P|I?

and then 1 < ||P||. Conversely, for u € H the vectors Pu and (I — P)u are orthogonal,
and Pythagore’s theorem (Proposition 1.20) gives

lull* = ||Pull® + ||(I - P)ull® > ||Pul®
for any u € H. Hence ||P|| < 1 as announced.

(ii1)) For any u € H, we have a unique decomposition u = Pu + v’ with v’ € M*, so
that (I — P)u = v’ is the projection on the second component of u, i.e. on M.

(iv) Suppose M c N. It suffices to write
PR=P— P(Q-Idy) =0 P(Idy — @) =0 & Im(Idy — @) c Ker(P).
Combining (i) and (iii), the latter condition means N+ c M, which holds since M C

N. The same reasoning proves QP = P.

Conversely, suppose PQ = QP = P. Let u € M = Im(P), so there is v € H so that
u = Pv. This reads as u = Pv = QPv,sou € Im(Q) = N.

(v) Suppose first that M c N. Let u € H, and write it as u = v + v’ with v € N and
v e Nt. As M c N, Nt ¢ M* and the latter is the kernel of P, whence Pv’ = 0.
Hence

(Pu,u) = (Pv,v+v")y = (Pv,v) + (Pv,v") = (Pv,v).

Also (Qu, u) = (v,v+ ') = ||v||?, and thus
(Pu,u) = (Pv,v) < |IP|l|lv]* = lvll* = (Qu, u)
by the Cauchy-Schwarz inequality.

Conversely, suppose that (Pu,u) < (Qu,u) for any u € H. As M = Im(P) and
N =Im(Q), the inclusion to show is equivalent to

Im(P) ¢ Im(Q) & Im(Q)"* c Im(P)* &= Ker(Q) c Ker(P).

Let thus u € Ker(®), so Qu = 0. This implies (Pu,u) < (Qu,u) =0, and (Pu,u) > 0,
whence in fact (Pu, u) = 0. We can conclude that

|Pul|® = (Pu, Pu) = (Pu,u) =0

using the symmetry and the idempotence of P for the second equality. Hence Pu = 0,
and u € Ker(P), as wished. O

For orthogonal projections, the numerical range introduced above can be computed
easily.
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Proposition 1.55. Suppose that P ¢ {0, Id4} is an orthogonal projection.
Then nr(P) = [0, 1].

Proof. First of all, let u € H with ||u|| = 1. We have
(Pu,u) = (Pu,Pu+ (Idgy — P)u) = (Pu, Pu) = ||Pul|> > 0

and also (Pu,u) < ||Pu||||lu|| < ||P]| = 1. Hence nr(P) C [0, 1].
Conversely, fix t € [0,1]. Let v € Im(P) and w € Ker(P) = (Im(P))* with |jv|| =
|lw|| = 1. Consider u; = tv + V1 — t2w. Then

lull = lto]? +|[V1 - 2w|* =22+ (1-3) =1

and also (Pu;,u;) = (tv,tv + V1 — t2w) = ¢2. This proves that t* € nr(P) for any
t € [0, 1], and since the square is a bijection from [0, 1] onto [0, 1], this shows that
[0,1] € nr(P). Hence nr(P) = [0, 1] as claimed. O

1.6 Positive operators

Definition 1.56. An operator P € B(H) is positive if (Pu,u) > 0 for all u € H.

Note that a positive operator is automatically symmetric.

Also, if P, @ are symmetric, we can compare them, saying that P is smaller than
@, denoted P < @, if @ — P is positive.

Exercise 1.57. Check that < is a partial order on the class of symmetric operators on

H.

Example 1.58. (i) Let A be the operator on L2([0, 1]) defined by (Au)(t) = tu(t). We
have that

1 1
(Au,u) = / tu(t)u(t) dt = / tlu(¢)* dt >0
0 0
for any u € L%([0,1]), so A is positive.
(i1) If A € B(H) then A*A is positive, because
(A*Au,u) = (Au, Au) = ||Aul|®> > 0

for any u € H. The same applies for AA*. We will prove below that in fact all positive
operators arise in this form.

(111) Likewise, if A is positive, then A" is positive since
(A*u,u) = (u,Au) = (Au,u) = (Au,u) > 0
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for any u € H. Also, if A is invertible, then A~! is positive.
(iv) An orthogonal projection is always positive, since equals to its square.

Exercise 1.59. Deduce from the proof of Theorem 1.47 that if A is a positive operator,
then o (A) C [0, ).

Definition 1.60. Let P € B(H) be positive.
A square root of P is a bounded operator R so that R2 = P.

When it exists, the square root of an operator P is denoted VP, or P1/2,

The main goal of this subsection is to prove that any positive operator has a unique
positive square root, as for real numbers. To prove this claim, we need to go through
some technical lemmas. The first one is the following.

Lemma 1.61. Let A, S € B(‘H), and suppose AS = SA.
Then any polynomial in A commutes with S. Moreover if A is symmetric, then
any polynomial in A is symmetric.

Proof. Since a polynomial with real coefficients is a linear combination of monomi-
als, it is enough to prove both claims for monomials of the type A/, j > 0. This is
straightforward, as

A/S = A/TAS = ATTISA = A/28A% = ... = SAY.
If A is symmetric, then for u,v € H one has
(Aju,v) = <Aj_1u,Av) =... = (u,Ajv)

which proves that A/ is symmetric. Thus we are done. |

Lemma 1.62. Let P € B(H) be positive.
There exists a sequence (P,),>1 of polynomials in P so that the sequence of par-

n
Pu—ZPiu =0forallu € H.
k=1

converges strongly to P, i.e. lim
n—oo
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Proof. Suppose P # 0, otherwise the result is clear. Define B; := ﬁP and by induc-
tion

B =B,-B% n>1.
By Lemma 1.61, each B,, is symmetric since it is a polynomial in P. We now prove that

0 < B, < I for all n > 1, by induction. For the case n = 1, we compute

1
(Biu,u)y = —(Pu,u) > 0
I Pl

for any u € H since P > 0, and also
1

(I =B1u,u) = (u,u) = (Biu,u) = (u,u) - Pl

(Pu,u)y >0

for any u € H, by Cauchy-Schwarz inequality, so B; < I. Now suppose 0 < B,,, < I for
some m > 1. Observe that

B,+1 =B, - B%»L = Bm(I - Bm)2 + B?n(.[ - Bm)
Now fix u € H. Then we have

(B (I = Bw)?u,u) = ((I = Byp)Bn(I - Bp)u,u)
= (Bpy(I - Bp)u,(I-By)u) >0

using the fact that B,, commutes with I — B,,,, that I — B,, is symmetric and that B,,
is positive by assumption. Thus B,,(I — B,,)? is positive. Likewise

(B2(I = Bp)u,u) = (Bp(I = Bp)Bnu, u)
=(( - Bp)Byu,Bu) >0

since B,, is symmetric and I — B,, is positive. Hence B?n (I-B,,) = 0aswell,and B,,+1
is positive. On the other hand, I — B,,+1 = (I — B,;) + B2, is the sum of two positive
operators, so is positive. This concludes the inductive step, and thus

Vn>1, 0<B, <1

n n
Now we observe that Z B? = Z(Bk — Bpy1) = By — B,,1, so that
k=1 k=1

> (Biu, Byu) = ) (Biu,u)
k=1 k=1

n
= () Blu.u)
k=1

= <B1ua u> - <Bn+1u, u>
< (Biu,u)
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for all u € H. In particular, we see that Z ||Biu|| converges, SO ]}1_1)120 ||Biu|| =0 for all

k=1
u € H. It thus follows that

n
Z B%u — Biu
k=1

n—oo
= || Bps1ul| — 0.

for all u € H. Letting P,, = +/||P||B,, we have

n n
. 2 . 2
lim |\Pu— ) Piu| = ,gggoHnPnBlu - Y IPIB}ul =0
k=1 k=1
for all u € H, as claimed. This finishes the proof. O

The first corollary we derive and that we will use for the proof of the existence of
square roots is the stability under multiplication of the class of positive operators,
provided they commute.

Corollary 1.63. Let P, @ € B(H) be positive, and suppose that PQ = QP.
Then PQ is positive.

Proof. Let (Py)n>1 C B(H) be the sequence given by the previous lemma. Since each
P, is a polynomial in P, and that P commutes with @, P,Q = QP, for alln > 1.

This implies that (P2Qu, u) = (QP,u, P,u) for any u € H and any n > 1, using that
P, is symmetric. Hence, from the continuity of the inner product in the first variable
(Exercise 1.17) we get

(PQu,u) = <ZP3QU’ u> = Z(P,%Qu, u)
n=1 n=1

for all u € H, meaning that P@ is positive. O

Exercise 1.64. Show that the above result is false if P and @ do not commute.

The next theorem we derive is an analog of the dominated convergence theorem in
analysis.

Theorem 1.65. Let (S,),en € B(H) be symmetric operators, and T' € B(H) be
a symmetric operator so that

1) S,, < S, forany 0 < m < n.

(1) S,S,, =SS, forany n,m € N.
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() S,T =TS, for any n € N.
(iv) S, < T for any n € N.

Then (S, ),en converges strongly to a symmetric operator S € B(H).

Proof. Let P,, :==T — S,, n € N. By condition (iv), P, > 0 for all » € N, and by (i1) and
(i), P, P,, = P,,P, for all n,m € N. By (1), one has

P,-P,=(T-8,))-T-8S,)=8S,-5,<0

if 0 < m < n. Thus (Pp),en 1s decreasing. By Corollary 1.63, we then have that
P, (P, —-P,) >0and P,(P,, — P,) > 0if 0 < m < n, and it follows that

P2 > P,P,, > P2

for 0 < m < n, meaning that (P2%),\ is decreasing. Hence if u € H, the sequence
({P2u,u))nen is a decreasing sequence of positive numbers, and therefore it has a
limit, that we call a,. The above inequalities then provides that

(PmPru,u) — ay
as n — oco. In turn, this implies that

IShu — Smu”2 = [|[Ppu — Pmu”2
= ((Pn = Pp)u, (P, — Pp)u)
= <(Pn - Pm)2u’ u>
= (P,%u, uy + (P,%lu, uy — 2(P,Ppu,u)
—a,+a, —2a, =0
as n — oo, Hence (S,u)nen 18 Cauchy in H, and by completeness it must converges.
Call the limit Su. This defines a linear operator on H, which is bounded by Banach-

Steinhaus (Theorem 1.8). S is also symmetric as the inner product is continuous in
each variable (Exercise 1.17). O

We can now proceed to show the existence of square roots for positive operators.

Theorem 1.66. Let P € B(H) be positive.
Then P has a unique positive square root, which commutes with any A € B(H)
commuting with P.

Proof. Without loss of generality, we may suppose 0 < P < I. Set Ry = 0 and
1 2
R,;1 =R, + §(P - R;), neN.
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Spectral theory 1.6 Positive operators

Note that R, is a polynomial in P for all n € N, so R, is symmetric for any n € N by
Lemma 1.61. Now note the relation

1 1
I—Rm1:§U—R@2+§U—P) (2)

By induction using (2), one sees directly that R, < I for any n € N. Furthermore,
since

Rn+1 - Rn = (I - Rn) - (I - Rn+1)

1 1 1 1
:§(I_Rn—l)2+§(I_P)_ E(I—Rn)2+§(I—P)
1 1
=-(I-Ry1)?-(I-Ry)’
5 )" = 5 )
1

= 5 (Bn = Rp-1)((I = Rp-1) + (I = Ry))

an immediate induction proves that R,,,1 > R, for all n € N. We have Ry = 0, so in
particular each R,, is positive. To sum up, (R, ),cn 1S an increasing sequence of positive
symmetric operators, bounded from above by I, and pairwise commuting. Theorem
1.65 therefore ensures the existence a symmetric operator R € B(H) so that

R,u — Ru

for any u € H. Additionally, by Banach-Steinhaus there is C > 0 so that ||R,|| < C,
whence

IR?u — R%u|| = ||R?*u — R,(Ru) + R,(Ru) — R%u||
< |[Rn(Ryu) - Ry(Ru)|| + ||[Rn(Ru) - R(Ru)||
< Cl|Rpu — Rul| + |[Rn(Ru) — R(Ru)||
for any u € H. Both terms go to 0 as (R,),cn converges strongly to R. This proves
that (Rﬁ)neN converges strongly to R?. Passing to the limit in the recursive relation
defining R,,, we get R?2 = P as wanted. Since R is the strong limit of (R,,),en and these

are positive operators, R is positive. Additionally, if A € B(H) commutes with P, then
A commutes with R, for any n € N, because these are polynomials in P. It follows that

ARu =A(lim R,u) = lim AR,u = lim R,Au = RAu
n—oo n—ooo

n—oo

for any u € H, showing the second claim.
We can now prove uniqueness. Suppose that there is another bounded positive
operator S so that S2 = P. Let u € H, and v := (R — S)u. Then
(Rv,v) +{(Sv,v) =(R(R — S)u,v) + (S(R - S)u,v)
=((R+S)(R-S)u,v)
= ((R* - S8?)u,v)
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Spectral theory 1.6 Positive operators

=0

and since (Rv, v), (Sv,v) > 0, this forces (Rv,v) = (Sv,v) = 0. Now if T is a positive
square root of R, then ||Tv||? = (Tv, Tv) = (T?v,v) = (Rv,v) = 0, whence T'v = 0 and
Rv =T (Tv) = 0. Likewise, by considering a square root of S, we get Sv = 0. Finally,
this implies
IRu - Su||* = (R - S)u, (R - S)u)

=((R-S)v,u)

= (Rv,u) + (Sv, u)

=0
for any u € H and we get R = S. This concludes the proof. O

As promised, the following exercise completes Example 1.58(i1).

Exercise 1.67. Prove that an operator P € B(H) is positive if and only if there exists
A € B(H) sothat P = A*A.

Exercise 1.68. Let A: ¢2 — ¢? be the double right shift, defined by (Au); = (Au)g =
0 and (Au), :== u,_o,n > 3.

Show that A is bounded and compute ||A||. Determine A*, and find 0,(A), 0.(A) and
o,(A). Is A positive? Find B: 2 — ¢2 so that A = B2. What can we conclude?

Definition 1.69. Let S € B(H) be symmetric.
The absolute value of S is defined as |S| := V.S2.

To prove properties of the absolute value, we will make use of the following more
general lemma.

Lemma 1.70. Let S, T € B(H) be symmetric, ST = T'S, and S? = T?. Let P be
the projection onto Ker(S — T'). Then

(1) If A € B(H) commutes with S — T, then AP = PA.
(i1) Su = 0 implies Pu = u.

(iii) P(S+T) =S +T and P(S - T) = 0.

Proof. (1) Suppose that A € B(H) commutes with S — T'. According to Theorem 1.21,
we have the splitting
H =Ker(S—-T) @ Ker(S -T)" .

Fix then v € H, and write v = vy + vg, v1 € Ker(S —T), vy € Ker(S — T)*. Then
Av = Avq + Avs by linearity, and

(S-T)Av;=A(S-T)v; =A(0)=0
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Spectral theory 1.6 Positive operators

since A commutes with S — T and vy € Ker(S — T'). Also, if w € Ker(S — T'), one has
that

(S-TA'w=(S"-THA"w=(AS-AT)'w=(SA-TA)'w=A"(S-Thw =0
showing that A*w € Ker(S —T'), and thus
(Avg, w) = (v, A"w) =0

since vy € Ker(S — T)* and A*w € Ker(S — T'). This implies that Avy € Ker(S - T)*,
and Av = Avq + Avg is the unique decomposition of Av as a sum of an element of
Ker(S — T) and an element of its orthogonal. Hence APv = Av; = PAv, whence
AP = PA as claimed.

(i1) Suppose Su = 0. We first observe that
|ITul? = (T, Tu) = (T?u, u) = (S*u,u) = (Su, Su) = ||Su|?

using symmetry of S, T and S% = T?. As Su = 0, it implies also that T'u = 0, whence
(S —T)u = Su—Tu = 0. This means u € Ker(S — T'), and thus is invariant by P, so
Pu =u.

(111) Likewise, for the first equality it is enough to check that vectors of the form (S+7")u
arein Ker(S —T). AsST =TS and 82 =T2, (S-T)(S+T) = (S+T)(S-T) =
S2 —T? =0, whence (S = T)(S +T)u = 0 for any u € H, providing P(S+T) =S +T.
Also (S —T)u € Ker(S —T)* for any u € H, as

W,(S—-Tu)y={(S-T)v,u)={((S-T)v,u) =0

for all v € Ker(S — T), because S, T are symmetric. Since Ker(S — T)* = Ker(P), we
conclude P(S—-T) = 0. O

We have then the next result, about the absolute value of an operator.
Lemma 1.71. Let S € B(H) be symmetric. Let E, be the projection onto Ker(S—
|S]). Then

(1) If A € B(H) commutes with S, then AE, = E, A.

(i1) Su = 0 implies E,u = u.

(iii) SE; > 0 and S(I - E,) < 0.

Proof. (i) By Lemma 1.70(1), it is enough to check that A commutes with S — |S|. But

A commutes with S, so also with S2, and then also with |S| = VS2 by Theorem 1.66.
Thus A commutes with S — |S|, as wanted.

(1) Directly follows from Lemma 1.70(ii).
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Spectral theory 1.6 Positive operators
(ii1) By (ii1) of Lemma 1.70, we have E, (S — |S|) = 0, and by (i) of the present proof,
S — |S| commutes with E,, so (S — |S|)E; = 0, whence SE, = |S|E,;. Now E, and
|S| are both positive and commute, so Corollary 1.63 tells us that |S|E; > 0. Now
combining E,(S — |S|) = 0 and E.(S +|S|) = S +|S|, we have 2E,|S| = S + |S]|, i.e.
S = (2E, —I)|S|. This yields to

Now as above (I — E,)|S| > 0, s0o S(I — E,) < 0. This finishes the proof. O
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Spectral theory The spectral theorem for bounded symmetric operators

2. The spectral theorem for bounded symmetric op-
erators

In this chapter we establish the first goal of the course, namely the spectral decom-
position of bounded symmetric operators on Hilbert spaces.

2.1 Integration with respect to a spectral family

Definition 2.1. A spectral family is a mapping E: R — B(H), denoted
(E1)aeRr, so that

(1) E, is a projection for all 1 € R.
() A <u=E) <E,
(i11) E is strongly left-continuous, i.e.
YueH, Yu e R, /1132* Eyu=E,u.

(iv) There exists m,M € R, m < M,sothat E; = 0if A < m and E; = Idy if
A>M.

We now consider f € C([m, M + €], C) and we extend it continuously to [m, M + €],
for some 0 < € < 1.

Let I1 = (Ax);_, be a partition of [m, M + €], i.e. a subdivisionm =1 < A1 < --- <
Ar = M + € and define its size as

1| := max A — Ap_1.

.....

We then select points y; € [1;,-1,4;], 1 <1 < n, and we set

Sni= ) f(u)(Ex, — Ep, ) € B(H).
=1
Lemma 2.2. There exists a unique S € B(H) so that
vn >0, 36, >0, |II| < 6, = |ISn - S|l < 7.

Furthermore, S is independent of the choice of ¢, the extension of f and the
choice of points () ;.
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Spectral theory 2.1 Integration with respect to a spectral family

This idea here really comes from Riemann sums. The idea of the proof is that if
(IT,)ren 1s a sequence of partitions which size tends to 0, then (Sy, ),en 1s Cauchy in
B(H), and therefore converges.

Proof. Let n > 0. Since f is continuous on the compact set [m, M + €], f is uniformly
continuous, and there is 6, > 0 so that

pop € [m, Mo+ el, =] < 8y = 1 (k) = F(1)] < 2.

The first part consists at proving that if two partitions Il and II" have |II|, |II'| < 6,

then ||Sp — Str|| < 7. Let us write then I1 = (4;)”,, and consider

M:=TTUIl' = (/lj);?zo
where n > n. Choose y; € [1;-1,4;],1 <i < n,and 11 € [/1J~_1,/1_j], 1 < j <n. Now,
each 1; is some A;,. This gives a subset of {0,...,n}, namely 0 = kg < k1 < -+ <
k, = n. We will now estimate ||Sy; — Sg||. The trick to do this is to use those indices
ko < k1 < --- <k, and write

ki
F(u)(Er =B ) = f() ), (Ex—Eg~)

J=ki—1+1
in order to get
n ki n ki
Sn = Z Z f(ui)(Ey; = E3—), Sg= fu) By~ Ez ).
i=1 j=k;_1+1 i=1 j=k;j_1+1

If u € H has ||u|| = 1, we compute that

(St - Sp)u, u)]| = <ZZ<f(u,~> —f@)(Eﬁ—j—Eﬂj—_l>u,u>
iJ

= | > (F () = F (B — Ex)u, w)
i,J

< gZ«Ez—Em)u,u)
LJ

= g<Z(Ez—Em)u,u>
LJ

= H(Eatre ~ En)u, u)

= 7l
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Spectral theory 2.2 Spectral theorem 1

7

5.
and the upper bound follows from the uniform continuity of f, which we may use since
| — 15l < Ai = Aim1 < || < 6y
We then obtain, using Theorem 1.44, that ||Sp — S| < g Likewise, since [II'| < 6,
we get ||Sr — Sl < g The triangle inequality now yields to

n.n
1Sn =St < I1Sn - Sgll + 1Sg = Swll < J+2 =7

as announced above. This concludes the first step of the proof.

Now take a sequence (II,),cn With |IT,,| — 0 as n — oo. Hence there is N € N so
that n > N = |I1,| < §,, and thus

n,m > N = ||, || < 8, = |ISn, — Sn,, || < 7.

This means that (S, ),en is Cauchy in B(H), and therefore there is S € B(H) so that
IS, — S|| — 0 as n — oco. The latter convergence implies that there is N;, € N so

that |Ily,| < 6,2 and ||SHN,7 -S| < g Thus if Il is a partition with [II| < §;/2, we get

n.n
1= S < 1181 = Sty || + 1Sy, = Sl < 2+ 7 =n.

Finallyitis clear that S does not depend on any choice we made above. We are done. O

Definition 2.3. The operator S obtained in Lemma 2.2 is called the integral of
S with respect to (E3)1er, and is denoted

M+e
S:/ f(1) dE,.

M+e
Observe for instance that / dE) = Eyie — Ep, = 1dyy.

m
2.2 Spectral theorem I
Here is the statement and the proof of the spectral theorem.

Theorem 2.4. Let S be a bounded symmetric operator.
There exists a unique spectral family (E ) cr such that the following hold.

(1) If A € B(H) and AS = SA, then AE) = E; A for all 1 € R.
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Spectral theory 2.2 Spectral theorem 1

(i1) For all u € H, for all u € R, the limit Alim Eju exists in H.
—ut

(i11) The upper and lower bounds of S are the upper and lower bounds for
(E/l)ﬂelR-

(iv) S has the representation

M+e
S = / A dE;.

(E1)1er 1s then called the spectral family of S € B(H).

Proof. Let E,(A) be the projection onto Ker((S — Aldg) — |S — AIdy|), and let
E,1 = qu.( - E+(/1)

Clearly, E, is a projection for all 1 € R. From the definition of the family (E)))cR, it
appears that Lemma 1.71 will play a key role in the proof. For instance Lemma 1.71(1)
already implies point (i) of the theorem, and also the relation E E, = E,E, for every
A, ueR.

Let 1 < u, and define P = E;(Idy, — E,;). First, note the relations E;P = P and
(Idgr — E,)P = P (as projections are idempotent). Fix u € H and v := Pu. Then

Eyv=E;Pu=Pu=v, (Idy -E,)v= (Idyy — E,)Pu=Pu=v
and thus

((S = AMdg)v, v) = (S = Aldgy)E v, v) = (S = Aldgy) (Idgy — E+(1))v,v) <0
((S = pldg)v,v) = ((S — pldg) (Idgy — Ey)v,v) = ((S — pldg)E4(1)v,v) =2 0

where we used that (S — uldy)E. (1) > 0and (S —AIdgy)(Idgy —E, (1)) < 0 by Lemma
1.70(iii). Substracting these two lines provide (u—A)||v||?> < 0, which implies ||v]|? = 0.
Hence ||Pu||?> = 0, so Pu = 0, and P = 0. It follows that E; = E,E, (developing the
expression for P) and thus E; < E, by Theorem 1.54(iv). This shows that (E})aer is
increasing.

Now we turn to proving (iii1) of the theorem. We treat the case of m the lower bound
of S, and the case of M is similar. By contradiction, suppose that A < m and E; # 0.
Take u € H so that v := Eju # 0. Without restriction, we may assume that ||v|| = 1.
Again using Lemma 1.71(ii1), we have

(Sv,v) — A ={(S = Aldyg)v, v)
= <(S - ﬂqu{)E/lu,EﬂO
=((S - Aldy)E u, u)
<0
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Spectral theory 2.2 Spectral theorem 1

as E, is symmetric, idempotent and commutes with (S — AId4 ), and the last step is
a consequence of (S — AIdg)E,; < 0. We deduce then that m < (Sv,v) < A, which
contradicts the way we chose A. Thus E; = 0 for every 1 < m, as claimed. Point (ii1)
of the theorem is proven.

Let now u € H, and 1, u € R. We show that the two limits lim E,u exists. We

A—-u*
handle the case A — u*, and the other one is dual. As the spectral family (E}) cr is
increasing, the map A +— (E,u, u) is non-decreasing, so the limit

O = /111—>12+<E/1u’ u)

exists. Let 7 > 0. Then thereis 6 > Osothat y <A < u+06 = [(E u,u) — €+ < %
Hence, if y < v < 1 < u+ 6, one has

|Eru — Evu”2 =((Exr - Ev)zuy u)
= ((Exr - Ey)u,u)
= (Eru,u) — b + b — (Eyu, u)
< KEu,u) — | + |4 — (Evu, u)l

<Z+21l=y.
g T =T

Using completeness of H (in the same way as in the proof of Lemma 2.2), we see

that Alim Eu exists, and we proved point (i1) of the theorem. Likewise, we obtain the
—ut

existence of ﬂlim E u for any u € H, and
—u-

We must still argue that this last limit coincides with E,u. For A < u, set Ep :=
E, - E, > 0. First, we have

E,Ex=E.-E,Ey=E,-E;=Ex
(Idg — E7)Er = En—E)E, + E2 = E,

so we may write (S—uldy)Ex = (S—puldy)EL Ex and (S—Aldg ) Ex = (S—Aldgy) (Idg—
E,)Ex. As Ep > 0 and as

(S - pldy)E, <0, (S—Aldg)(Idyy —E) >0

we conclude from Corollary 1.63 that (S — uldg)Ex < 0 and (S — Aldg)Ex > O.
Developing these inequalities, we arrive at

AEAN < SEpN < UEA. (3)
Now consider E\, := E, — E,-, and note that Alim Ej)u = Epyu for all u € H. Taking
—u-

strong limits in (3), we have

HEA, < SEAO < UEn,
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Spectral theory 2.2 Spectral theorem 1

whence uEn, = SEa,. To finish, let © € H and v := Ea,u. Then (S — puldy)v =
(S — pldg)Ep u = 0, so Sv = pv. Lemma 1.71(i1) therefore gives E,(u)v = v, and thus

v=Epu= lim Eyu= lim E,Esu=EuEnu = (1dy ~ Ei(1))v =0
—u- —u-

We have then Ejy, = 0, thus E u = hm Eu for all u € H, and (E) cr is strongly
A—u~
left-continuous.

We are left to prove point (iv) in the statement. Relations (3) are gonna be useful
here. Consider a sequence of partitions (I1 J');il’ with [I1;| — 0 as j — co. We denote

m=A, <A <--- <Ay, =M+e.
J

Let Eik = Efli - E By (3), one has /1 1 Aj < SEAJ < A EAJ and summing gives
then

nj nj

. g

Zﬂk Ey Ey < ) MEy.
k=1 k=1

The first sum is exactly Sy, W1th chosen points ,uk = A/, while the last one is the

k-1’
same but with chosen points ,uk = AJ The middle sum is telescopic and we are left
with SIdg, = S. Letting then j — oo, We get

M+e M+e
/ AdEASSS/ A dE;
m m

which finishes our proof. O

To prove the uniqueness part of the spectral theorem, we will appeal the next
lemma and exercise.

Lemma 2.5. Let S € B8(H) be bounded and symmetric, and let (Ej) g be a
spectral family, as in Spectral Theorem I. For any P € R[X], it holds that

M+e
P(S) = / P(1) dE;.

Proof. It is enough to prove the theorem for monomials P(1) = A/, 1 e N. Forl = 0
there is nothing to prove, and the case [ = 1 is exactly Spectral theorem I. We treat
the general case by induction, assuming it holds for some / > 0. Fix 0 < 7 < 1. By
the theorem and induction hypothesis, there exists 4 > 0 so that for any partition
IT = (Ax)};_, with |II| < &, we have

s S e
k=1

<7 and ‘Sl—

n
> MLEn,
k=1
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where En, = Ej, — E,, ,. Let us abbreviate T = Y}_  1;Ex, and TV = 37 %EAM
and observe that with this notation, we have

n

T — (ZAZEAk)(Z/lkEAk) — Z/llﬂEAk
k=1 k=1

k=1

since
Eik = (E/lk - E/lk71)2 = E/21k - 2E/1kE/1k—1 + E/21k—1 = EAk

using Theorem 1.54, and also Ex Ep; = 0 for i # j. Now the triangle inequality pro-
vides

18H — 1O = ||(S™L + TOT - S'T — STW) + (S'T - 8™ + (STY — 81|
< |IS* +17OT — ST — STV + |IS!T — 8™ + ||ISTD - 8H|
= (S' =TI (S - T)|| + |IS'T — 8" + |STY — 81|
<|ISH =T+ ISHIT - S|+ ISIIT® - 8|
<n*+11SI'n + 1SIn.

It thus follows from the uniqueness part of Lemma 2.2 that
M+e
Sl+1 :/ ﬂl+1 dE/1
m

as announced. This concludes the inductive step and the proof. O

Exercise 2.6. Let S € B(H) be symmetric, and (E}) cr be a corresponding spectral
family. Prove that for any P € R[X] and u,v € H, we have

M+e

S = [ PO dEw)
m

where the right-hand side is the Riemann-Stieltjes integral of P with respect to ¢p(1) :=

(Epu,v).

The above exercise allows us to exploit properties of the Riemann-Stieltjes integral
to establish uniqueness of the spectral family.

Corollary 2.7. Let S € 8(H) be symmetric.
The spectral family provided by Spectral Theorem I is unique.

Proof. Suppose (E3)icr, (F1)i1cr are two spectral families for S, satisfying (1)-(iv) of
Spectral Theorem I. Fix u € H, and consider

(P(/l) = <(E/1 —F/l)u, u), AeR.
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Spectral theory 2.3 Caracterisations of the different parts of the spectrum

By Exercise 1.42, it is enough to show that ¢ is identically 0. Since ¢p(m) = 0, it is
enough to prove that ¢ is constant. By a property of the Riemann-Stieltjes integral, it
1s enough to prove that

M+e
/ £(A) dp(A) = 0

for any continuous function f: [m, M + €] — R. Let then f be such a function. By
the Stone-Weierstrass theorem, there exists a sequence (P,,),cn of polynomials so that
|IP, — fllco — 0 as n — oo. By another property of the Riemann-Stieltjes integral, it
follows that

M+e M+e
[ rw sy =tim [ P dpt
" mM+£ M+e
= lim P, (1) d(Eu,v) - lim/ P, (1) d(Fyu, v)
= lim P,(S) — lim P, (S)
=0

and the third equality comes from Exercise 2.6, that we may apply since (E ) cr and
(F3)1er are both spectral families for S. As explained above, we deduce that E; = F)
for all 1 € R, concluding the proof. |

2.3 Caracterisations of the different parts of the spectrum

We conclude this chapter by discussing the relation between the spectral family of
a symmetric operator S and the two components of its spectrum o,(S), o.(S).

Theorem 2.8. Let S € B(H) be a symmetric operator and (E ) cr be the cor-
responding spectral family.

Then Ay € 0,(S) if and only if the map E: R — B(H) is discontinuous at Ao.
In this case, one has

Ker(S — Aoldy) = Im(E,lg —E,,).

Proof. Clearly the first statement is a consequence of the equality
Ker(S - ;lOqu_{) = Im(E/lg - E/lo)-

Let Ay € [m, M], and first suppose that u € Ker(S — 1¢Idg). Then (S — AoIdg)%u =0
and, by Exercise 2.6, we get

b
/ (A —20)2 AE u, u) = ((S — Loldy)2u,u) =0
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Spectral theory 2.3 Caracterisations of the different parts of the spectrum

for any a < m and b > M. Hence, the integral of 1 — (1 — 1¢)? must be 0 on any
subinterval of positive length. Let then £ > 0, so that

/10—8 /10—8
0= / (A =202 dE u,u) > 52/ dE u,u) = €(Ep,_eu, u)

and likewise

b
0= [ (=40 dBru,w) > (W - Brpro)us )
A

ot+€

It follows that
<E/10—€u9 u> = O = <u7 u> - <E/10+€u7 u>

and thus £y,—.u =0 =u—E).u,using that E,,_., £, are projections. We conclude
that
u= (E/I,0+€ - Eﬂo—f)u

for all £ > 0, and letting € — 0 now provides u = (E A E,,)u since the map A — E)
is strongly left-continuous. Thus u € Im(E A= E),) as claimed.

Conversely, let n > 1, and use inequalities (3) from the proof of the spectral theorem
to get

Ao(E s =~ Ery) < S(Eyy1 = Bay) < o+ (B~ By,
Letting n — co provides Ao(Ejr — Ep,) < S(Ej: — Ep) < Ao(Ejr — Ep,), whence
S(Ex; — Epy) = A0(Ep; — Ep).
It follows that (S — AoIdy) (E - E 1,) = 0, which means that
Im(E/lg - E,;,) c Ker(S — Aoldy).
The proof is now complete. O

The next result provides a remarkable description of the resolvent set in terms of
the spectral family.

Theorem 2.9. Let S € B(H) be a symmetric operator and (E)),cr be the cor-
responding spectral family.

Then Ay € p(S) if and only if there exists € > 0 so that the map E: R — B(H)
is constant on [Ag — €, Ag + €].

The next corollary is then a direct consequence of the previous results.

39



Spectral theory 2.3 Caracterisations of the different parts of the spectrum

Corollary 2.10. Let S € B(H) be a symmetric operator and (E),cr be the
corresponding spectral family.

Then 1y € 0.(S) if and only if E: R — B(H) is continuous but not locally
constant at 1.
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3. The spectral theorem for self-adjoint operators

The goal of this third chapter is to extend the spectral theorem seen in chapter 2
to not necessarily bounded operators.

3.1 Unbounded linear operators

As from the beginning, H denotes a complex Hilbert space.

Definition 3.1. A linear operator is a linear map 7': Dy — H, where Dr is a
subspace of H.

As usual, if T is a linear operator, we define its range and its kernel by
Im(T) :={Tu : u € Dr}, Ker(T) :={u € Dr : Tu = 0}.

For two operators T: Dy — H, T’ : Dy —> H, we say that T is an extension of
T, and we denote T' C T, if Dy C Dy and T'u = Tu for any u € Dr.

Exercise 3.2. Check that C is a partial order on the set of operators on 7.

Our first proposition says that that we can always define a bounded operator on a
closed subspace of H.

Proposition 3.3. If T': Dr — H is bounded on Dr, then there exists a unique
bounded extension of T' to Dr.

Proof. Let u € Dy and pick a sequence (un)nen converging to u. As T is bounded on

Dr, we have
Tu, — Tupll < IT||||un — unl|

for all n,m € N, and as (uy),en 18 Cauchy (because it is a convergent sequence),
(Tup)nen is also Cauchy. By completeness of H, it converges, and we denote T'u its
limit. This defines a linear operator on Dr, and letting n — oo in the inequality
ITun|| < C|lu,|| proves that this linear operator is still bounded on Dr. This finishes
the proof. O

Definition 3.4. An operator T': Dy —> H is called densely defined if Dy = H.

It follows from Proposition 3.3 that a densely defined bounded operator can be
uniquely extended to a bounded operator on the whole space .
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Spectral theory 3.2 The adjoint operator

As in the bounded case, the graph of an operator T': Dy — H is
Gr:={(u,Tu) :u e Dp} CcHXH
where H x H has the structure of a Hilbert space with the inner product
((u,v), (W, V") pxq = (u,u’y + {v,v"), u,u’,v,v" € H.
Moreover, T is closed if its graph is closed in H X H. Lastly, it is easy to check that

TCT’:)GTCG{[V.

Definition g.5. Let T: Dy — H.
The resolvent set of T', denoted p(T'), is the set of 1 € C so that T' — Aldy is a
bijection from Dr to H with bounded inverse. Its spectrum is o (T') := C\ p(T).

Again, as for the bounded case the spectrum of an operator splits into three parts,
the point spectrum, the continuous spectrum and the residual spectrum.

One aspect which is different from the bounded case is the operations we may re-
alize on operators. Let Ty : Dy, — H, Ta: Dy, — H be two operators, and 1 € C.
Then

(1) AT, is defined as (AT1)(u) = AT1u, for all u € Dy,.
(11) T1 + T2 1s defined on DTI as (T1 + Tg)(u) = T1u + T2u.
(111) T1T5 1s defined on DTng = {u S DTQ :Tou € DT1} as (Tng)(u) =T (Tzu)

IfT: Dy — H is injective, it has an inverse T : Drp-1 — H, and clearly Dp-1 =
Im(T), Im(T) := Dr. One has then T7'T ¢ Idg and TT~! c Idy (check!).

3.2 The adjoint operator

If T: Dr — H is not bounded, we cannot apply Riesz representation theorem as
we did in Chapter 1 to define the adjoint of 7' everywhere. We must restrict ourselves
to a subspace of H.

More precisely, fix T': Dy — H a densely defined operator, and consider
Dp+:={veH:u+r— (Tu,v) is bounded on Dr}.

It is a subspace of H. For v € Dp+, u +— (Tu,v) can be uniquely extended to a
bounded linear functional on H. By Riesz representation theorem, there is a unique
v* € H so that (T'u,v) = (u,v*) for all u € Dp. We let T*v := v*, and thus

(Tu,v) ={u,T"v),u € Dr,v € Dr-.
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Spectral theory 3.2 The adjoint operator
Now we prove that T is linear. Let v{,v9 € Dy and 11, 19 € C. We have

(Tu, A1v1 + Aovg) = A1(Tu, v1) + Ao(Tu, vy)
= /1_1(u,T*01> +/1_2(u,T*vz>
= (u, /11T*Ul + /12T*v2)

for any u € Dyp. As T*(A1v1 + Agv2) 1s the unique element of H, so that
(Tu, A1y + Agvg) = (u, T"(A1v1 + Agv2))
for all u € Dy, this forces T*(A1v1 + Agve) = 11T vy + 19T ve. Hence T™ is linear.

Remark 3.6. Note that if 9 c H is dense, then w = 0 if and only if (w, u) = 0 for all
u € D. Indeed, if w = 0 then clearly (w,u) = 0 for any u € D, and conversely, if this
condition holds, take a sequence (w,) C D converging to w to compute

w2 = (w,w) = lim (w,,) = 0

whence w = 0.

Lemma g.7. If T is densely defined, then Ker(7™*) = Im(7')*.

Proof. We have the equivalences

veKer(T") = Tv=0
— Yu € Dy, (u,T"v)=0
— VYu € Dr, (Tu,v)=0
= velm(T)*

using Remark 3.6 for the second equivalence, that we may apply since Dr is dense in
9H. This proves the claim. |

The following proposition gives a fundamental property of the adjoint.

Proposition 3.8. If T is densely defined, then 7 is closed.

Proof. Let (u,,T"u,) C Gr-, and assume that this sequence converges to (u,v) €
H x H. This implies that u, converges to u in H and T*u,, converges to v in /. Now
we have

(Tw,u) = nli_r)xgo(Tw, Uy) = nli_r)rgo(w, T u,) = (w,v)
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Spectral theory 3.3 Operator graphs
for all w € Drp, so the linear functional w +— (T'w,u) is continuous on Dp. This
implies that u € Dy, and since

(w, T"u) = (Tw, u) = (w,v)

it follows that (w,T*u — v) = 0 for all w € Dr. As Dr is dense in H, we have T*u = v
by Remark 3.6. Hence Gr- is closed in H X H, which means that 7" is closed. O

Here is two exercises to manipulate these definitions.

Exercise 3.9. Let ¢» € L™(R) and consider the multiplication operator T': L?(R) —>
L%(R) defined as (Tu)(x) := ¢(x)u(x), x € R. Show that T is bounded and compute
its norm. Find T, and determine under which condition 7T is symmetric.

Now, suppose that lim |¢(x)| = +oco. Show that T is unbounded, and find its
x—+00
domain. Find 7.
Exercise g3.10. Show that if 771, T* and (T7!)* exist, then (T%)~! also exists and
(1) = (7).

3.3 Operator graphs

We define two operators U,V : H & H — H @& H by setting
U(u7v) = (U’ lL), V(u’v) = (U, _u)
for any (u,v) € H @ H. These operators have nice properties.

Exercise g.11. Show that U,V are both bounded, unitary and satisfy U? = Idygy =
—V2. Show that U preserves the inner product on H @ H, and that for any subspace
X c HaoH,wehave V(X+) =V(X)*,.

The next lemma is fundamental.

Lemma 3.12. Let T: Dy — H be densely defined. Then Gr- = (V(Gr))*, or
equivalently (G7:)* = V(Gr).

Proof. First, note that T is well-defined as T is densely defined. For all u € Dr,
v € Dp-, we have (T'u,v) = (u, T*v), which can be written as

(Tu,v) —{u, T"v) =0 = (v, T"v), (Tu,—u))gen =0
— ((v,T"v),V(u,Tu)) = 0.

This already shows that G- is orthogonal to V(Gr). Now we show both inclusions. Let
(w,T"w) € Gp+. Pick (u,v) € Gr and a sequence (u,,v,) C Gr so that (u,,v,) —
(u,v). Then we have

(W, T"w), V(u,0)) = lim {(w, T"w), V(un, vs)) = 0
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by the continuity of the inner product and the fact that V(Gr) is orthogonal to the

graph of T*. This proves that Gr- c (V(Gr))*.
Conversely, fix (u,v) € (V(Gr))*. For all w € Dy, we have

0=(V(w, Tw), (u,v)) = {(Tw, —w), (u,v)) = {Tw,u) — (w, v)

so the linear functional w — (T'w, u) equals the linear functional w — (w, v), which
is clearly bounded. We deduce u € D7+, and that

(w,v) =(Tw,u) = (w, T u)

for all w € Dp. Hence (w,v — T*v) = 0 for all w € Dp. As Dy C ‘H is dense, Remark
3.6 ensures that v — T*u = 0, whence v = T*u. Thus (u,v) = (u,T"u) € G+, and the
inclusion L

(V(Gr))* c Gr-

is established, as well as the equality G- = (V(Grp))*. Taking orthogonal of both
sides and using Exercise 1.38, we see that

Gy. =V(Gr).

Lastly, observing that V' is a continuous linear bijection between two Banach spaces,
V 1is open, and hence also closed (as it is a bijection). We conclude that V(Gr) is closed
in H & H, whence Gr- = V(Grp). O

We use this result to prove that in the unbounded case, under suitable assumptions,
the correspondance T' — T'* is an involution, as in the bounded case.

Theorem g.13. Let T: Dy — H be densely defined and closed. Then D7+ is
dense and T** := (T*)* equals T'.

Proof. To prove Dr- = H, we show equivalently that its orthogonal is {0}. Let then
h € (Dp+)*. As T is closed, Gt is closed, whence

Gr =Gr
= V*(Gr)
=V(V(Gr))
=V((Gr-)")
=V(Gr)*
using V? = —Idggy for the second equality, Lemma g.12 for the fourth equality, and
Exercise 3.11 for the last one. Now, using once again Exercise 1.38 and the closedness

of V, we get
(Gr)* = (V(Gr)")" =V(Gr:) =V(Gr).
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Spectral theory 3.3 Operator graphs

Here we used that Gr- is closed in H @& H, which is guaranteed by Proposition 3.8.
Thus by the orthogonal decomposition theorem, which we may apply since G is closed,
it follows that

HoeH=Gro (GT)J‘ =Gr o V(Gr+).

Using this decomposition for (0, k) € H & H, we deduce there exists uy € Dy, v, € Dp-
so that
(0,h) = (un, Tup) + (T"vp, —vp)

whence uj, + T*vj, = 0 and h = Tup — vy. As h € (Dp-)* c (Dp+)*, we have (h,v;) =0,
which leads to

0 = (Tup, — vi,vn) = (Tun,vr) — |lvall? = (wn, T o) = loall? = —(T*vp, T vr) — |lvall?.

We conclude that ||T*vp||2 = ||val|? = 0, so v, = T*vy, = 0, and thus u, = 0 as well.
Hence A = 0, as announced, and Dp- is dense in /. This ensures that T is well-
defined, and using once again Lemma 3.12, one gets

Gr- = (V(Gr)* = (V(Gr))* = V(G5.) =V(V(Gr)) = Gr = Gr

using the closedness of both Gy and G7- (as T and T are closed), the fact that V
commutes with orthogonal, and that V? = —Idgge. As two operators are equal if and
only their graphs are equal, we just proved that T** =T O

The following theorem will also be important throughout the rest of the course.

Theorem 3.14. Let T be closed and densely defined. Then
B:=(Idy +T°T)7 Y, C :=T{dy +TT*)!

are well-defined and bounded linear operators on H, with ||B||, ||C|| < 1. Fur-
thermore, B is positive.

Proof. From Theorem 3.13 and its proof, we have T** = T' and the splitting
HeH=Gr o V(Gr-).

We use this splitting to define two operators B and C, and we will show they must
coincide with the ones given in the statement. For any A € H, according to the above
decomposition, we find u; € D and v, € Dp- so that

(h,0) = (up, Tup) + (T vp, —vp).

Define then Bh := uj, Ch := vy. Then both B and C are well-defined (because uy, vy,
are unique) and linear, and

h=Bh+T*Ch
0=TBh-Ch
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Spectral theory 3.4 Symmetric and self-adjoint operators
for all A € H. This implies that B + T*C = Idy and C = TB. Hence
Idyy =B+T°C=B+T'TB = (1dyy + T*T)B.

This identity in particular provides Im(Id¢ + T*T') = H. Furthermore, for any u €
Drp-p, 1t holds that

((Idy + T T)u, u) = (u,u) + (T*Tu,u) > ||ul)?

and thus Idg, + 77T is injective. We conclude it is invertible, with inverse B. Addition-
ally, since (up, Tuyp) and (T*vj, —vy) are orthogonal in H & H, it follows that

1A% = 1| (R, 0]
= llunll® + 1 Tunll® + 1T val* + lloall?
> ||BR|I* + [IChII?

so ||B||, ||C|| £ 1. To finish, we also have
(Bu, u) = (Bu, (Idg; + T*T)Bu) = ||Bu||®> + |TBu||® = 0
for all u € H. Hence B is positive, and the proof is over. O

A useful corollary of this result will be stated in the next section.
3.4 Symmetric and self-adjoint operators

Definition 3.15. A densely defined operator 7': Dy — H is called symmetric
ifT cT" i.e. if Dr C Dp- and T"u = T'u for all u € Dr.

Here the condition we check in practice to prove a given operator is symmetric.

Lemma 3.16. T: Dy — H is symmetric if and only if Dy = H and
(Tu,v) ={u,Tv)
for all u,v € Drp.

Proof. Suppose first that T' is symmetric. Then Dy is dense by definition. Moreover,
for any u,v € D, we have

(Tu,v) ={u,T"v) = {(u, Tv)

because T equals T on Dr.
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Spectral theory 3.4 Symmetric and self-adjoint operators

Conversely, suppose T' is densely defined and that (T'u, v) = (u, Tv) whenever u, v €
Dr. We must show the two conditions in Definition 3.15. First, fix v € Dr. The linear
functional u — (T'u, v) equals the linear functional u — (u, T'v) by assumption, and
this functional is clearly bounded. Hence v € D7+, and the first condition is fulfilled.
For the second, we just notice that if v € Dy, then

(u, Tv) = (Tu,v) = {u, T"v)

for all u € Dy, whence (u,Tv — T*v) = 0 for all u € Dy. As Dy C ‘H is dense, Remark
3.6 gives that Tv = T"v, and this holds for any v € Dp. Thus T is symmetric, and this
concludes the proof. O

Definition g.17. T': Dy — ‘H is closable if Gr is the griph of an operator. In
this case, this operator is the closure of 7' and is denoted 7.

We immediately note that symmetric operators are closable.

Remark 3.18. Suppose that T is symmetric. Then H = Dy C Dy, so Dp- is dense in
H, and T** is well-defined. Furthermore, by Lemma 3.12 we have

Gr- = (V(Gr)* = V(Gg.) =V*(Gr) = Gr
whence T is closable, and T = T"**. This shows that 7** is an extension of T'. Addition-
ally, this extension is symmetric, as
TcT" =T cT =T =(T"™)".
Here the first equality is Theorem 3.13. Hence, for 7' symmetric, 7" is a closed sym-
metric extension of 7T'.

Exercise 3.19. Let T: Dy — H be densely defined.

(i) Show that T is closable if and only if 7" is densely defined, and that in this case
T=T".

(i1) Show that if T' is densely defined and closable, then (7')* = T.

We can now properly introduce self-adjoint operators.
Definition 3.20. T': Dr — H is self-adjoint if Dr is dense in H and if T = T™.

Note that if T' is self-adjoint, then it is closed and symmetric.

Remark g.21. By Remark 3.18, a symmetric operator always has a closed symmetric
extension. However, a symmetric operator (even closed) may have no self-adjoint ex-
tensions. Such operators are called maximal symmetric. Observe that any self-adjoint
operator T is maximal symmetric. Indeed, if T' C S with S symmetric, then

ScS"cT"=T
whence S =T.
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Spectral theory 3.4 Symmetric and self-adjoint operators

__ Additionally, a symmetric operator T is called essentially self-adjoint if its closure
T (which exists by Exercise 3.19(1)) is self-adjoint.

Here is a nice characterization of essentially self-adjoint operators. However, we
omit the proof here.

Theorem g.22. A symmetric operator T': Dy — H is essentially self-adjoint if
and only if Im(7T + ildg), Im(T — ildy) are dense in H.

We conclude this section with the following corollary of Theorem 3.14.

Corollary 3.23. Let A be self-adjoint. Then the operators B = (I + A?)~! and
C = AB have the following properties:

(1) B(Dy) = Dys.
(i1) BA C AB.
(i11) BC =CB.
(iv) Any T € B(H) with AT c TA satisfies TB = BT.

Proof. (i) Let u € D4. As (Idy + A2)B =1dg and Da_c = Dy, we have
(A-C)u = Au— ABu = A(Idyy - B)u = A’Bu

and thus Bu € Dy s. Conversely, if v € Dys, then v € Dy2 = Dp-1 and

u=B1v=(Idy + A%)v € Day.
Thus v € B(D4), and (i) is settled.
(11) Let u € D4y. By (1), Bu € Dys and

ABu = B(Idy + A>)ABu = BA(Idy + A®)Bu = BAu

whence BA C AB.
(i11) This follows directly from (ii) since

BC =B(AB) c (AB)B=CB
and as B, C are defined everywhere, we conclude BC = CB.
(iv) Lastly, let T € B(H) with AT c T A. Then also

AT = A(AT) c A(TA) = (AT)A c (TA)A = TA?
and thus also BT ¢ TB!. Let now u € Dy4 be arbitrary. Then
TBu = BB™'TBu = BTB 'Bu = BTu.

Since T'B and BT are bounded (i.e. continuous) and agree on the dense subset D4, we

conclude that in fact TB = BT, as claimed. O
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Exercise 3.24. Let H = L?(R), and H: Dy — H, Dy := Cy(R), H :=
(1) Prove that H is symmetrlc

(11) Prove that H* = —ﬁ on the domain

dx2

Dy-={veH:veCYR), v e AC[a,b] forany — oo < a < b < +o0, v” € L%(R)}.

Hint: To prove the inclusion of Dy into the right-hand side, think to Du-Bois Rey-
mond’s lemma.
(i11) Is H self-adjoint? essentially self-adjoint?

3.5 Integration with respect to a spectral family

The goal of this subsection is to extend the definition of spectral families to un-
bounded self-adjoint operators. We then define integration with respect to such spec-
tral families for a wide class of functions, using the Lebesgue-Stieltjes integral.

Definition g.25. A spectral family is a mapping E: R — B(H), denoted
(E1)rer, so that

(1) E, is a projection for all 1 € R.
(i) If A < pu,then E; < E,,.
(i11) E is strongly left-continuous, i.e.

Yu e H,Vu € [R,/llim Eyu=E,u.
— U

(iv) For all u € ‘H, hm Eyu=0and lim Eju = u.

A——00 A— o0

The next lemma follows immediately from our proof of the spectral theorem for
bounded operators.

Lemma 3.26. Let (E)) cr be a family satisfying (i) and (i1) of the above defini-
tion. Then, for all u € R, there exists two projections E,+, E,- so that

Alim+E/1u =Eypu, Iim Eyu=E; -u
—u A—u

for all u € H.

Here is a key observation. If (E)),cg is a spectral family, and u € H, the function

F,:R— R
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A+ ||Eul®
is increasing, left-continuous, bounded, and
Jim Fy(4) =0, lim Fy (1) = [|u]l”

Thus there is a well-defined and unique associated Lebesgue-Stieltjes measure y 5, )2,
so that

HEu2([a, b)) = Fy(b) — Fy(a)
for any a < b € R.

Definition 3.27. Let (E)) cr be a spectral family.

We say that f: R — C is E-measurable if f is yg,,j2—measurable, for all
ueH.

Note that any Lebesgue-measurable function is E—measurable.

To define the integral with respect to a spectral family, we start with a step function

n

t = Z Ck].[k

k=0
where cg,...,c, € Cand Iy, ..., I, are non-empty disjoint intervals of the form
(a,b),(a,b],[a,b) or [a,b].

The integral of ¢ with respect to (E)) cr 1s now defined as

/Rt(/l) dE; = zn:CkE/l(Ik)

k=0

where E;((a,b)) := Ep — Ey+, Ex((a,b]) = Eyp+ — Eq+, Ej([a,b)) := Ey — E, and
E/l([a’ b]) = Eb+ - Ea-

For any u € H, we compute that

2 n n
H(/Rt(/l) dE/l)u =<ZciE,1(Ii)u,chE,1(Ij)u>

i=0 7=0

= Z Z cic{Ex(I)u,Ex(Ij)u)

i=0 j=0

- Z Z cic;(EA(I;)E (I;)u, u)

i=0 j=0

S |

|ei|2(EA (L)% u, u)
i=0
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n
= > el (L) ull?
1=0

- /R DI gty

where the last integral is the Lebesgue-Stieltjes integral of |¢|? with respect to M| E |2
This identity allows us to define the integral of any E—measurable function with re-
spect to (E))ecr. Indeed, if f: R — C is such a function, pick a sequence (%, ),cn that
converges to f in L2. In particular, (¢,),en is a Cauchy sequence, and the identity

H(/Rtn(/l) dE/l)u—(/Rtm(/l) dEﬂ)u

shows that the sequence (( [, £,(1) dE;)u), . is Cauchy in H, and we can therefore

set
(/f(/l) dE/l)u := lim (/tn(/l) dEg)u.
R n—co \ JrR

This does not depend on the chosen sequence (¢, ),cn. Letting

DE(f) = {u eH : f S LZ(R,,U”EAu”z)}

we have thus defined a mapping

E(f): Z)E(f) — H

u— (/Rf(/l) dE,l)u.

We denote the operator E(f) by /R f (1) dE, and we call it the integral of f with respect
to the spectral family (E})cRr.

2
:/R|tn(/1)—tm(/1)|2 deiz 2

This integration procedure enjoys the following main properties.

Theorem 3.28. Let (E));cr be a spectral family and f: R — C be
E—-measurable. Then

() u € Dg(r) = IIE(F)ull® = [ IfI? dpgygupz < .
(ii) If f is bounded, then E(f) € B(H), Dg) = H, and
IE(F)]l < esssup|f(A)].
AeR

(iii) If (1) = 1 for all A € R, then E(f) = Idy.

(iv) For any u € Dg(yf), one has

(E(F)u, u) = /R FOO) Aty
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(v) For any a,b € C and E-measurable function g: R — C, we have
DE(f)+E(g) = DE(f+g) and

aE(f) + bE(g) C E(af + bg).

(vi) For all u € R, E,E(f) C E(f)E, with equality if f is bounded.

(vil)) For any E-measurable function g: R — C, we have Dg(rs) = Dg(r) N
DEg(g) and

E(f)E(g) C E(fg).

(viii) Dg(r) is dense in H.

(ix) E(?) = E(f)* and @E(f)* = DE(f).
(x) E(f) isnormal, i.e. E(f)E(f)* = E(f)"E(f).

Proof. (i) Choose a sequence (t,),cn converging to f in L2. Then, for all u € H, we
have

Bl = lim Bl = lim [ 16 OF e = [ 1FOF dugsae

and this integral is finite if and only if f € L?(R, H||E,u)2)s 1-e- if and only if u € Dg(y).
(i1) Suppose f is bounded, and let M := ess sup,cg|f(1)|. For all u € H, we have

/R P12 dpy e < M2 /R 1 gty = M2[u? < oo

whence u € Dg(s) by (), and |[E(f)ul®* < M?||u||? so [[E(f)|| < M. In particular,
E(f) € B(H).

(iti) Forallu € H, E(Du = ( [ dE;)u = u.
(iv) We start by checking the equality for ¢ a step function. Write then

n

t = Z cely,

k=0

where cg,...,c, € Cand Iy, ..., I, are pairwise disjoint non-empty intervals. Then it
follows

n

(E(tyu,u) = () cxEr(lp)u,u)

k=0

= > er(Ea(Tp)u, u)
k=0
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n
= Z el u)2 (Ik)
k=0

= / t(A) Az w2
R

where the third equality must be checked independently, into four cases. For instance,
if I, = [ap, by), then indeed

(Er(In)u, u) = (Epu, u) — (Eq,u, u) = || Ep,ull® - |Eq,ull® = pyz,u2 Ir)

by definition of 1, , 2. The three other cases are similar. Now, let f € L%(R, HYE,u2)s
and choose a sequence (%,),cn of step functions converging to f. We get

(E(f)u,u) = im (E(t,)u, u)

n—oo

/f(/l) Ay g, w2
R

where the last equality follows from Cauchy-Schwarz and the convergence of (#,),en
to f, as

= lim Rtn(/’l) dﬂ||E4u||2

'/tn(/l) dityg, )2 —/f(/l) dizyu)
R R
< [ 16a1) = PO Qb

1/2 1/2
< (/R It (1) — F(1)? dﬂnEwuZ) (/Rl d/vt||E,1u||2)
= ltn = fll2llul]

and as ||t, — f|| — O as n — oo.

(vi) Let 1 € R, and let u € Dg(f). Consider a sequence of step functions (¢,),en so that
t, — f n Lz(R,ll.t||E/1u”2) Write

mn
k=0 g

By the boundedness of E,,, we have

E,E(f)u

n—oo

lim E,, Z EIM)u
k=0

n—oo

= lim Z MEE(IM)u
k=0
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Spectral theory 3.6 The spectral theorem for self-adjoint operators

my
= lim » ¢/ B(I;")E,u
= E(f)E,u

whence u € Dg(r)g,. This proves that E,E(f) C E(f)E, as claimed. Additionally, if f
is bounded then E(f) is bounded and defined on H, so E,E(f) and E(f)E, agree on
DE(f)Eﬂ =H. O

3.6 The spectral theorem for self-adjoint operators

We start with the following lemma.

Lemma g.29. Let H1, Hs, ... be a sequence of closed, pairwise orthogonal, sub-

spaces of H, so that
H =P H.
i>1
Consider a sequence A, A, ... of operators on H so that the restriction A;|¢
is a bounded symmetric operator mapping H; to itself, for all i > 1. Then there
exists a unique self-adjoint operator A: D4 —> H which coincides with A; on
H; for all i > 1. The domain of A is given by

Da={ueH: ) A’ < o}
1>1
and, for all u € D4, we have

Au = Z Au;.

i>1

Proof. First of all, observe that the map A defined in the statement is linear, and that
its domain is dense, as if u € H and € > 0, there exists N > 1 so that

N
u— U;
=1

< €&

and clearly Zf\i 1 Ui € Da. Moreover, for u,v € Dy, we have

(Au,v) = D (A, v0) = ) (ui, Awi) = (u, Av)
i=1 i=1
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Spectral theory 3.6 The spectral theorem for self-adjoint operators

using the symmetry of A;, i > 1, the continuity of the inner product and the pairwise
orthogonality of the subspaces H;, 1 > 1. Hence A is symmetric, and to prove it is
self-adjoint, it only remains to show Dy« C Dy4. Let thus v € Dy+, so that

(Au,v) = {(u, A™v)

for all u € D4. This can be written as

D (A, vy = ) (wi, (A),).
i=1 i=1
In particular, for j > 1 and u = u; € H;, this reduces to (A;u;,v;) = (uj, (A*v);). On
the other hand, (A u;,v;) = (u;, A v;) by symmetry of A;, whence
(A*v)j = A_,-vj

for all j > 1. We deduce that
D A = > (A ) = A7) < oo
=1 =1

from Pythagora’s theorem. Hence v € Dy, as announced.

Lastly, suppose A’ is another self-adjoint operator that coincides with A; on H;, for
any i > 1. Since A’ is self-adjoint, it is closed, and well-defined at each u € H for

(o0]
e
=1

which the series

is convergent. Furthermore, for all such u, the series converges to A’u. But A'u; = Au;
for all 7 > 1 and since all terms are pairwise orthogonal, the above series converges if
and only if Y2°; [|A;u;]|? < co. Hence Dy € Dy and A’'u = Au for u € Dy. That is,
A C A’. As A is self-adjoint, it is maximal symmetric, and thus A = A’. The proof is
complete. O

We have found a way to construct unbounded self-adjoint operators from bounded
symmetric ones. In fact, any self-adjoint operator can be decomposed in that way.

Lemma 3.30. Let A be a self-adjoint operator. Then there exists a sequence
Hi, Ho, ...

of closed, pairwise orthogonal, subspaces of H so that H = @iz 1 H;, and so that
the restriction A4, is a bounded symmetric operator mapping H; to itself for all
i > 1. Moreover, if T' € B(H) is so that TA C AT, the restriction of T' to H; is a
bounded operator mapping H; to itself, for all i > 1.
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Spectral theory 3.6 The spectral theorem for self-adjoint operators

Proof. To come. O

We are finally in position to prove our Spectral Theorem II.

Theorem 3.31. Let A be a self-adjoint operator. Then there exists a unique
spectral family (E));cr so that
A= / A dE,.

Moreover, any T' € B(H) withTA C AT also satisfies TE) = E;T, for any 1 € R.

Proof. Let A be a self-adjoint operator. By Lemma 3.30, we can find a sequence

Hi, Ha, Hs, . ..
of subspaces of H so that
- @
i>1

and A; := Alg is a bounded symmetric operator on H;. By Spectral Theorem I, there
is a unique spectral family (£} ;);er so that

Mi+£’
A; = / AdE, ;.

In particular, E, ; is a bounded symmetric operator on H; for any A € Rand anyi > 1,
so Lemma 3.29 ensures that
Eju = Z E, u;

i=1
defines a self-adjoint operator on the domain

Dp, = {u e H: Y |Eruill® < oo},
=1

We now proceed to show (E})cr is the spectral family we are seeking. First of all,
note that for any u € H, we have

[oe] (o)

2 2 2
DB il < ) llull? = [[ull® < o0
=1 =1

sou € Dg, and ||[E ul| < ||ul|. Also
Efu = E/l( ZEﬂ,iui) = ZEﬂ,iE/l,iui = ZEﬂ,iui =Eju
i=1 i=1 i=1
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Spectral theory 3.6 The spectral theorem for self-adjoint operators

and thus E, is idempotent for any 1 € R. Being symmetric and bounded, we deduce
it is a projection.

Now let A < u, and u € H. We compute that

(Ey - Ep)u,u) = <<Ey —E) ) w, ) uj> = > ((Bpi— Eagus, )
i=1 j=1 i=1

and as E,; — E,; > 0, we deduce that ((E, — Ey)u,u) > 0 as well, and (Ej)icr is
increasing.

Now, let u € H. Write

N )
E,lu = ZE/LL'LLL’ + Z E,Uui.
=1 1=N+1

Let 7 > 0 and choose N, € N so that

Z u;|| <mn.
i=N;+1
Let m; := min(mq,..., mNn), and let A < m;. Then
Ny 00
|Erull < ZE/LL'ui + Z Eyu;
i=1 i=N,+1
< (|Ej Z u;
i=N;+1
<.
This shows that /llim Eju =0, and similarly one proves that /Ilim Eyu=u. O



Spectral theory Applications to quantum mechanics
4. Applications to quantum mechanics

The spectral theory of unbounded self-adjoint operators is the adapted framework
to develop basic ideas of quantum mechanics.

4.1 Representation of strongly continuous one-parameter uni-
tary groups

In this part, we introduce the notion of one-parameter unitary group, which is the
essential tool to describe the Hamiltonian of a quantum system. We can completely
characterize such groups, through Stone’s theorem.

Recall first that U € B(H) is called unitary if UU* = U*U = Id.

Exercise 4.1. Check that U € B(H) is unitary if and only if U is surjective and
(Uu,Uv) = (u,v) for all u,v € H. Is the surjectivity assumption really necessary?
Deduce that a unitary operator has norm 1.

Let us now introduce new relevant terminologies.
Definition 4.2. A one-parameter unitary group is a mapping U: R — B(H)
so that
(1) U(t) is unitary for all ¢ € R.
(1)) U0) =Idgy,and U(¢t +s) = U(t)U(s) for all ¢, s € R.
We often denote a one-parameter unitary group by (U;);cr. Moreover, such a group
is called strongly continuous if the map R — H, ¢t — Usu is continuous for any

u € H, and weakly continuous if the map R — H, ¢t — (U,u,v) is continuous for
any u,v € H.

In fact, these two properties are the same.

Exercise 4.3. Show that a one-parameter unitary group (U;)scr is strongly continu-
ous if and only if it is weakly continuous.

Note that if (U;);cr 1s a one-parameter unitary group, then
U..=U; = (U™
for any ¢ € R.

Exercise 4.4. For a € R, let U,: L?(R) — L2(R), (U,f)(x) := f(x — a). Show that
(Uq)aer 18 a strongly continuous one-parameter unitary group.

Here is the central object of the study of one-parameter unitary groups.
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Spectral theory 4.1 Representation of strongly continuous one-parameter unitary groups

Definition 4.5. Let (U;);cr be a strongly continuous one-parameter unitary
group. The infinitesimal generator of (U;);cr is the operator G: Dg — H
defined on

1
Dg = {u eH: }iné ;(Ut —Idy)u exists}

by
1
Gu :=lim —(U; — Idgy)u.
t—0 ¢

The next result is the first step towards characterization of strongly continuous
one-parameter unitary groups.

Theorem 4.6. Let A be a self-adjoint operator on H, and let (E}) cr be its
spectral family. Then the family (U;);cr defined as

Ut — eLtA — / elt/l dE/l

is a strongly continuous one-parameter unitary group, and A is its infinitesimal
generator. Moreover, if u € D4, then U;u € Dy for all ¢ € R.

Proof. The fact that (Uy)scr is a one-parameter unitary group is a consequence of The-
orem 3.28. As f(1) = e*! is bounded on R, U, is a bounded operator on H, and if t = 0
then

U0=/1dE/1=qu-{.

Additionally, for s, € R, one has
UtUs — / eit/l dE/1 / eiS/l dEr/1 — / eit/leis/l dE/l — / ei(t+s)/1 dE/l — Ut+s

by Theorem 3.28(vii), and by point (ix) of the same result, it follows

U = / eith dE; = / e AE, = U,

for all t € R, whence U;U, = U;U_; = Idyy = U_;U;, and Uy is unitary for any ¢ € R.

Let us now check the strong continuity. Let ¢* € R and let (¢,),eny € R be a sequence
converging to t*. Let u € H. Then one has

2

1U,u — Upeu||* = ||( / (et — et dEA)u

_ it A itA2
—/le M= e T dpyg )
R
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t, —t*
:4/ sin(n )
R 2

The quantity under the integral tends to 0 as n — oo, and is bounded by 1 which is
K, u)2—1ntegrable. It follows from the dominated convergence theorem that

2
Aty p2-

1\ |2
t, — 1t
lim ||Up,u - Upul® = lim 4/ Sin( - 5 ) A
n—oo n—oo R
£\ |2
. . tn -1
:4‘/Rr}grolo sm( 2 ) du||EAu||2
=0

whence U;, u — Upu as n — oco. Thus (Uy)ser is strongly continuous.

We turn now to prove that iA is the infinitesimal generator G of (U;);cr. First,
assume that u € Dy, and write
2
1 .
-~ / ‘—(e”/l— 1) —id
R |t

When ¢t — 0, the integrand tends to 0, since

1 d ; .
}1_1)1(1);(6”/1 _ 1) — aelt/1|t=0 -l

2
Aty g 2-

H(%(Ut —Idy) - iA)u

On the other hand, by the mean-value theorem |%(eit/1 -1)| <A}, s0

2

1 .
‘;(e’m —1) —iA| < (A +|A)E =442

and this function is yz,,2—1ntegrable, as
//12 dE; = ||Au||® < .

Appealing once again the dominated convergence theorem, it follows that

) 1 . 2 . 1 . ?
iy 001000 i) =t [ et -0 -] ap
1 2
_ : itA :
- [t - - ia] dus
=0

and we conclude that if u € Dj4, the limit
o1
lim —(U; — Idg)u
t—0 ¢t
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exists and equals iAu. This already shows iA C G.
Conversely, let u € Dg. Then the limit

1
lim —(U; — Idy)u
t—0 ¢
exists, and we compute that

1 ? 1, 2
2 _1: 1 it
|Gul||” = }E)%“;(Ut —Idg)u|| = }1_1)%/R |;(e th_ 1)| Ay, w2

Noting that lir% HCEE 1)|2 = A2 and using Fatou’s lemma, we end up with
t—

.. 1 i 2
'/‘/12 d/'l||E,1u||2 < hmlnf/ |—(e T 1)| d/’t||E/1u||2 = ||Gu||2 < 00
R t—0 R

ensuring that the function f(1) = 1 is in L?(R, M||E,u)2), and thus that u € Da. We
conclude then that G = i A is the infinitesimal generator of (U;);cr.

Lastly, let u € D4 and ¢t € R. As f(1) = ¢! is bounded, we have E U, = U,E, for
all 1 € R by Theorem 3.28(vi), whence

IEA(U)|I” = |U(Eaw)|? = | Epul®

for any A € R. It follows

/Rﬂ2 dey gy w2 = /Rﬂ2 dpy gz <

asu € Dy. Hence Uyu € Dy as well, and the proof is complete. O

Hence, we have a generic way of building one-parameter unitary groups from a
self-adjoint operator. The next theorem, usually attributed to Stone, ensures that this
is the only way of getting such a unitary group.

Theorem 4.7. Let (U;);cr be a strongly continuous one-parameter unitary
group. Then there exists a unique self-adjoint operator A so that

Ut — eitA

for all t € R. Furthermore, U;A C AU, for all t € R.

Proof. The strategy is the following: first remark that if A = A* satisfies U; = e'4,
then Theorem 4.6 ensures that ;A is the infinitesimal generator of the group, so it is
unique. Now let G be the infinitesimal generator of (U;);cr and define A := —iG on
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Spectral theory 4.1 Representation of strongly continuous one-parameter unitary groups

Da = Dg. We will show that D4 contains a dense subset, which implies it is itself
dense, that A is essentially self-adjoint, and that

Ut — eitZ

for any ¢ € R. Then it will follow from Theorem 4.6 that iZ_is the infinitesimal gener-
ator of (U;)ser, s0 1A = G = iA, and we conclude that A = A is actually self-adjoint.

Consider D the set of all finite linear combinations of vectors of the form
Uy =/<p(t)Utu de¢
R
where u € H, and ¢ € C;°(R). For ¢ # 0, we have then
1 1
LU= Dy = [ U= DoV ds
R
1
= / ~(8)(Upss — Us)u ds
Rt
1 1
= / —@(8)Upssu ds — / —p(s)Usu ds
R ¢ R L
1, , 1
= / -@p(s" = t)Uyu ds’ - / —p(s)Usu ds
R ¢ R
1
- [ 3 =0 - p(s)Uuu s

Now, as ¢t — 0, the integrand converges uniformly to the function s — —¢’(s)Usu,
and it follows that

1
lim —(U; = Duy = —/ ¢’ (s)Usu ds € ‘H.
t—0 ¢ R

Hence uy, € Dg = D4, and then also D C Da.

We now prove that D = H. To this end, let u € H, and consider (@ )nen € Cy(R)

a sequence of functions so that ¢, > 0, ¢,(s) = 0 if |s| > %, and /R ¢n = 1, for all
n € N. Then one gets

||u¢n—u||=H/R<pn<s><Us—1>u s s/Rq)m ds sup (U, - Dul

te[_%a%]

and by the strong continuity of (U;);cr the last supremum goes to 0 as n — oo. Hence
Uy, — uasn — oo, and D is dense in H.

Now we show that A is essentially self-adjoint. First, observe that if u,v € D4, we
have

(Au,v) = -1{Gu,v)
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=—i 1im<1(Ut —Du,v)
t—0 ‘¢
= —ilim (u, l(U_t —Iv)
t—0 t

- 1
= L}I_I)%(u, _—t(U_t — I)v)

= i{u, Gv)
= {(u, Av)

using the continuity of the inner product in both variables. Symmetry of A now follows
from Lemma 3.16.

Let u € Im(A +iI)* = Ker(A* —iI) (by Lemma 3.7). Then, for v € D4, we compute
that

d .1
2, Upw) = Tim =((u, Upsp) = (u, Upo))
.1
= (u, lim - (Usup = Up)o)

1
= (u, lim —(Uj, - Uo)Uyv)

= (u, GU)
= (G"u, Uv)
=1{(A%u, Usv)
=1(iu, Uv)
= —(u, Upv)

using again the continuity of the inner product, the definition of G and the fact that
A*u = iu. Thus the function f(¢) = (u, Usv) is a solution of the first order differential
equation f/ = —f, and we conclude that f(t) = f(0)e™?, t € R. However, as U; is
unitary, it has norm 1, and the Cauchy-Schwarz inequality provides

IF ()] = Ku, Upv)| < [lulllv]]

for all + € R, whence f is bounded. We conclude that £ (0) = 0, i.e. {(u,v) = 0, and this
holds for any v € D4. Since the latter is dense, we deduce from Remark 3.6 that u = 0,
and thus Im(A +iI) is dense in H (as its orthogonal reduces to {0}). In a similar way,
we prove that Im(A — iI)* = {0}, and Theorem 3.22 (that we may apply since A is
symmetric) implies that A is essentially self-adjoint.

The last part of the proof aims at proving that U; = el for any t € R. Hence, let

us introduce V; := eitZ, t € R. As A is self-adjoint, Theorem 4.6 ensures (V;);cr is a
strongly continuous one-parameter unitary group, and we are left to show U; = V; for
all t € R. First, for all u € Dy C D4, Theorem 4.6 implies that V;u € D4, and so

o1 .1 —
]lll_f)r(l) E(Vt+h -Vyu = }111_1)% E(Vh - Vo)Viu =iAVu.
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Spectral theory 4.2 Basic postulates of quantum mechanics

Therefore, letting w(¢) = (U; — Vy)u, we get

%w(t) = (GU, - iAV))u
= i(AU; - AV))u
=AU, - V)u = iAw(t)

for all u € Dy4. It follows that

d 9 d
Sl = ), w®)

(%w(t), w(t)) + <w(t), %w(t))
{Aw(t), w(?)) + (w(t),iAw(t))

((Aw(t), w(t)) — i(Aw(t), w(t))
=0

as A is self-adjoint. Thus ||w(?)]|2 = ||[w(0)||2 = 0 for all ¢ € R, whence U;u = V,u
for all u € D4. As the latter is dense, we conclude that U; = V; for any ¢t € R. As
explained at the beginning of the proof, we conclude that in fact A = A, and U, = eiA
for all ¢ € R. |

4.2 Basic postulates of quantum mechanics

The following postulates pertain to quantum systems, that is, systems which are
best described by the laws of quantum mechanics. We shall see that underlying lies the
essential notion of measurement apparatus. Indeed, since we don’t have any macro-
scopic intuition of quantum systems, the only thing the theory predicts is the result
of measurements performed on the system under given experimental conditions.

Postulate I. At any given time, the state of the system is represented by a vector
w # 0 of a complex separable Hilbert space H. Furthermore, for all ¢ € C \ {0},
the vector cy represents the same state as . Thus, the states of the system are in
one-to-one correspondence with the rays

{c:ceC}, w+#0

or, equivalently, with the orthogonal projections Py onto these one-dimensional sub-
spaces.

Postulate II. Every observable A is represented by a self-adjoint operator A on

H.

Postulate III. The result of a measurement of the observable A can only be a real
number A, eigenvalue of A.
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Spectral theory 4.2 Basic postulates of quantum mechanics

Postulate IV. If the system is in state ¥ at time ¢, then the probability of observing
the value 1 when measuring the observable A at time ¢ is given by

(v, Pry)
(W, y)

where P is the projection onto the eigenspace corresponding to the eigenvalue A.

P(measurement of A yields 1) =

Postulate V. The mean value of A, computed over a large number of systems all
prepared in state v, is given by

A
i %, wy?'

Postulate VI. If the system is in state ¥, then immediately after a measurement
of A yielding the value A, the system is in state ¢ = Py, and thus ¢ is an eigenvector
of A with eigenvalue A.

Postulate VII. There exists a self-adjoint operator H, called the Hamiltonian and
representing the energy of the system, so that the time evolution of the system is given
by the Schrodinger equation

ihatwt = H'lﬂt

where v/, is the state of the system in time ¢ and / = % is the reduced Planck constant.

An important observation for what comes next is the following: consider a quantum
system and let H be the state space. Suppose ¥ € H of the system at a given time
is normalized (i.e. ||w| = 1). Consider an observable A represented by a self-adjoint
operator A, with spectral family (E£;),cr so that

A=/ﬂdE/1.

L= w1 = [ dupepe

and thus 1,2 1s a probability measure on R. Then, from Theorem 3.28, the mean
value of A in state v, as defined in Postulate V, is

As v 1s normalized, we have

(A)y =y, Ay) = /R A dpyg,y )2
which is exactly the expectation value of the probability measure (g, 2. The function

A+— Fy(1) = ||[E 21?2 = (E p, w) thus represents the distribution function of the
observable A in state . It is indeed increasing, left-continuous, satisfies

A
Fy () = [ dpE,p e
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and, in particular, we have

lim F,(1) =0, lim F, () = 1.

A——00

Moreover, if Fy is absolutely continuous on any finite interval, then the measure
H||E,y |2 has a probability density ¢y, satisfying

d/’t||E/11//||2 = (pu/(/1) dA, (pw(/l) = F{/j(ﬂ) ae. 1eR.

We say that a quantum system on a state space H is invariant under time transla-
tions if its evolution is governed by a strongly continuous one-parameter unitary group
(Up)ter, in the sense that if the system is in a normalized state v at time ¢9 = 0, it is
in state

v = Uy
at time ¢.

Indeed, in this case, the system "does not see time translations", asift — ¢’ = t+71
1s a new time frame, then t6 =7 and

Yy = Virr = U o = U Urwo = Uy = UtWt(’)

meaning that (U;);cr also governes the evolution of the translated system.

For such systems, Stone’s theorem (Theorem 4.7) ensures the existence of a self-
adjoint operator G, the infinitesimal generator of the group (U;);cr. Recall that

1
Dg={yeH: lincl) ?(Ut — Idg )y exists}
t—
and that 1
Gy :=lim (U - ldg)y, v € D.

We define then a self-adjoint operator H by H := ihG on Dy = Dg. By Theorem 4.6,
ify € Dg = Dy then Uy € Dy as well for any ¢ € R and thus, given an initial state
Wo € Dy, one has

1 1 i
Ay = lim = (Yree —91) = lim —(Ue — Idy)yr = Gy = - Hy

which is exactly the Schrodinger equation. We thus conclude that Postulate VII is
equivalent to requiring that the system is invariant under time translations.

Additionally, by Stone’s theorem U;Hy = HU;y for all v € Dy, whence

(H)y, = (v, Hyy) = (Uswo, HUwo) = (Uswo, UsH o) = (Wo, Hypo) = (H)y,

as U; is unitary for every ¢t € R. This means that the energy is preserved by the
evolution of the system.
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Spectral theory 4.3 The quantum particle on R
4.3 The quantum particle on R

Let us now turn to the description of a concrete quantum system, the particle on
the real line. It is characterized by the following properties:

(1) To any Borel subset A € R one can associate a measurement device, i.e. an
observable 5 represented by a self-adjoint operator P, called particle detector,
taking the value 0 or 1 depending on whether the particle is in A or not.

(i1) The set of all operators Pa, A C R, forms a family of pairwise commuting self-
adjoint operators.

(i11) To every a € R one can associate a translation of the detectors

TaPpA = Ppo—g, where A—a :={q € R :q+a € A}.
(iv) The only observables commuting with all the Py are functions of them.

The Hilbert space representing the states of the system is H = L?(R), and the
detector P, is represented by the projection Pr: H — H, (Paw)(q) = 1a(q)v (q),
weH.

For any A C R, the probability of finding the particle in a normalized state ¥ in A
is the mean value of the observable $x, given by

(Paby = (v, Pavr) = /A w(q)? dg.

Therefore, the function ¢ — | (q)|? is interpreted as the density of probability of
observing the particle in state v .

The observable position is then naturally represented by the multiplication opera-
tor

(Ry)(q) =qv(q)

on the domain
Dq = (v € LAR) - /R 1y (@) dg < o)

so that the mean value of the position of the particle in state v is exactly

<w,Qw>=/quw(q)|2 dg

the expectation of the probability measure | (q)|?> dg. Physically, it represents the
"averaged position" of the particle, when the measurement of position is performed
over a large number of copies of the system in the same state . The self-adjoint
operator @ is therefore called the position operator.

Now, to each translation a € R, we associate a transformation of the states of the
system, given by U, : L?(R) — L2(R), (U,%)(q) = w(q —a). As seen in Exercise 4.4,
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(Uy)aer 1s a strongly continuous one-parameter unitary group, and thus by Stone’s
theorem it takes the form .
U,=¢e", aeR

for some self-adjoint operator A. Now, by Theorem 4.6, iA is the infinitesimal genera-
tor of (Uy)eer, so that

1
1Ay = lim —(U, — Idyy)w
a—0a
for any ¢ € D4. Hence, for v € Dy, one gets

(Av)(q) = %}E% w(q—ai—w(q)

L. y(qg—a)—v(q)
—— 11m

1 a—0 —a

1d

= —;d—qW(Q)

and we thus define the momentum operator P on Dp = Dy by
h d
(Py)(q) = -—v(q)
1 dq

so that U, = e_%“P, for all a € R.

For the particle on the real line, we can push a bit further our probabilistic view
exposed above. For a normalized state 1, given an observable represented by a self-
adjoint operator A, we define the variance of A by

Vary (4) = (A — (A),1d)%)y = /R (A — (A) 1)y ()9 (q) dg

and its standard deviation by

Ay (A) := [/Vary (A).

The next theorem is fundamental in quantum mechanics.

Theorem 4.8. Let A and B be self-adjoint operators acting on H = L?(R). Then
the commutator C = AB — BA satisfies

{(C)y| < 2A4 (A)Ay (B)

for all ¥ € Dc.
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Proof. Let v € D¢, and introduce S := A — (A)yId, T' := B — (B)yId. Those are still
self-adjoint operators and it is easy to check that C = ST — T'S. Hence

{Chy| = K(ST = TS)w, y)|
< STy, )|+ KT'Sy, w)|
=Ty, Sw)| + Sy, Ty)|
< 2[[Sy|lITwl|

by the Cauchy-Schwarz inequality, and the claim follows since
ISw|1* = (S, Sy) = (S*y,w) = (S%)y = ((A - (A)yI1d)*), = Var, (A)
and similarly | Ty ||? = Vary (B). O

It turns out that the commutator of the position and of the momentum operators
takes a simple form.

Theorem 4.9. Let P be the momentum operator and @ be the position operator
for the quantum particle on R. Then

QP — PQ = il

where I is the identity operator on Dgp_pg = Dgp N Dpq.

Proof. Let v € Dgp_pg. Then

((PQIW)(@) = T3 (@W)(@) = F(W(@) + a3 ¥(@)

and on the other hand

d

(@PYW)(a) = a(PV)(a) = a3 (@)

Thus (QP — PQ)y = —?1,1/ = thy and the claim follows. m]

Plugging this expression into Theorem 4.8, we obtain the Heisenberg’s uncertainty
principle.

Corollary 4.10. The position and momentum operators for the quantum parti-
cle on the real line satisfy

Ay (P)Ay(Q) 2

N | St
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